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COMPACTNESS OF KA¨HLER-EINSTEIN MANIFOLDS OF NEGATIVE SCALAR CURVATURE
JIAN SONG∗, JACOB STURM∗∗, XIAOWEI WANG†
ABSTRACT. Let K(n, V ) be the set of n-dimensional compact Ka¨hler-Einstein manifolds (X, g) satis-
fying Ric(g) = −g with volume bounded above by V . We prove that after passing to a subsequence, any
sequence {(Xj, gj)}∞j=1 in K(n, V ) converges, in the pointed Gromov-Hausdorff topology, to a finite union
of complete Ka¨hler-Einstein metric spaces without loss of volume. The convergence is smooth off a closed
singular set of Hausdorff dimension no greater than 2n−4, and the limiting metric space is biholomorphic
to an n-dimensional semi-log canonical model with its non log terminal locus of complex dimension no
greater than n− 1 removed. We also show that the Weil-Petersson metric extends uniquely to a Ka¨hler
current with bounded local potentials on the KSBA compactification of the moduli space of canonically
polarized manifolds. In particular, the coarse KSBA moduli space has finite volume with respect to the
Weil-Petersson metric. Our results are a high dimensional generalization of the well known compactness
results for hyperbolic metrics on compact Riemann surfaces of fixed genus greater than one.
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1. Introduction
The construction of moduli spaces of Einstein manifolds and their compactifications is
a fundamental problem in differential geometry. For manifolds of real dimension two, the
moduli space Mg of Einstein metrics (or equivalently the space of complex structures)
on a fixed surface M of genus g ≥ 2, admits a natural compactificationMg known as the
Deligne-Mumford compactification [21]. It is a projective algebraic variety whose bound-
ary consists of isomorphism classes of stable curves, i.e. curves with finite automorphism
group and at worst nodal singularities. Such stable curves admit unique constant curva-
ture metrics with collapsing complete ends near the nodal points. Moreover, a sequence of
points xj ∈ Mg converges to a point x∞ ∈Mg if and only if the corresponding sequence
of Riemann surfaces Xi, equipped with their canonical hyperbolic metrics, converges in
the pointed Gromov-Hausdorff topology to the nodal surface X∞. A main goal in the
1 Research supported in part by National Science Foundation grant DMS-1711439, DMS-1609335 and
Simons Foundation Mathematics and Physical Sciences-Collaboration Grants, Award Number: 631318.
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2subject is extending the theory of moduli spaces of Riemann surfaces and their natural
compactifications to higher dimensional Einstein manifolds (M, g). Here M is a smooth
compact manifold and g is a Riemannian metric satisfying
Ric(g) = λg, λ = 1, 0,−1.
In real dimension 4, there are many deep results on structures for spaces of Einstein
manifolds. In fact, it is proved in [51, 4, 70, 5] that any sequence of Einstein 4-manifolds
(Mi, gi) with uniform volume lower bound, diameter upper bound and L
2-curvature bound
will converge to a compact Einstein orbifold, after passing to a subsequence. In the Ka¨hler
case, the compactness result holds when λ = 0 if one imposes uniform upper and lower
volume bounds, and when λ = 1 without any assumption. The ǫ-regularity theorem for
4-manifolds plays a key role in the proof of compactness for such Einstein manifolds.
In higher dimensions, very little is known about the compactness of the moduli space
of general Einstein manifolds. But in the Ka¨hler setting, recent years have witnessed a
surge of activity including several important breakthroughs. The starting point for these
developments are the seminal existence results for Ka¨hler-Einstein metrics on compact
Ka¨hler manifolds of negative or vanishing Chern class, established by Yau in his solution
to the Calabi conjecture (also see [6]) and the uniqueness results due to Calabi. When the
first Chern class ofM is positive, uniqueness of Ka¨hler-Einstein (modulo automorphisms)
was established by Bando-Mabuchi, but obstructions to the existence of such metrics have
been known for many years. The fundamental conjecture of Yau-Tian-Donaldson, which
predicts that the existence of a Ka¨hler-Einstein metric onM is equivalent to the algebraic
condition of its K-stability, was recently solved [18, 19, 20, 71] and gives a complete
answer to the existence problem on Fano manifolds. The partial C0-estimate, proposed
by Tian and proved for surfaces in [70], is a fundamental tool for studying analytic and
geometric degenerations of Ka¨hler-Einstein metrics in the non-collapsing case, and was
established for higher dimensions by Donaldson-Sun [24]. As a consequence, any sequence
of n-dimensional Ka¨hler-Einstein manifolds (Mi, gi) with Ric(gi) = gi must converge in
Gromov-Hausdorff topology, after passing to a subsequence, to a singular Ka¨hler-Einstein
metric space homeomorphic to a Q-Fano variety ([24]). In this case, the global uniform
non-collapsing for all (Mi, gi) immediately follows from the volume comparison theorem
and the fact that the first Chern is an integral class. The partial C0-estimate can also be
viewed as effective base point free theorem in the Riemannian setting and can be applied
to understand the algebraic structures of the limiting Ka¨hler-Einstein metric spaces by
developing a connection between the analytic and geometric Ka¨hler-Einstein metrics and
the algebraic Bergman metrics.
However, when λ = −1, as one sees already in the case of Riemann surfaces of higher
genus, Einstein metrics collapse at the complete ends and the limiting spaces are no longer
compact in general. Such complete ends correspond to the nodes arising from algebraic
degenerations of smooth curves with genus greater than one. The major result in real
dimension 4 for compactness of Ka¨hler-Einstien manifolds of negative scalar curvature
is due to Cheeger-Tian [17], which was established much later than the corresponding
compactness result in the positive scalar curvature setting [4, 51, 70]. A key tool in the
collapsing setting is the chopping technique of [16] and a refined ǫ-regularity theorem
for 4-folds to establish a non-collapsing result for Einstein 4-manifolds with uniformly
bounded L2-curvature.
3In the complex case, when (Mi, Ji, gi) is a sequence of Ka¨hler-Einstein surfaces on a
smooth manifold M satisfying Ric(gi) = −gi with a uniform volume upper bound, it is
proved in [17] that (Mi, Ji, gi) converges in the pointed Gromov-Hausdorff topology, after
passing to a subsequence, to a finite disjoint union of complete orbifold Ka¨hler-Einstein
surfaces without loss of total volume. It is proved in [47, 48, 74] that any complete
Ka¨hler manifold of finite volume and negative Ricci curvature must be quasi-projective
if the sectional curvatures are bounded. Its orbifold analogue immediately implies that
each component in the limiting metric space of Ka¨hler-Einstein surfaces of negative scalar
curvature must be quasi-projective and in fact, admits a unique projective compactifcation
which is a log canonical pair [75].
The main purpose of this paper is to establish the analogue, for Ka¨hler manifolds of
higher dimension, of the classical compactness results for constant curvature metrics on
high genus curves as well as the result of Cheeger-Tian [17] on Ka¨hler-Einstein surfaces
of negative scalar curvature. In particular, we show the analytic compactification agrees
precisely withMKSBA, the algebraic compactification of the moduli space of Ka¨hler man-
ifolds with negative first Chern class [39, 3].
Special degenerations of Ka¨hler-Einstein manifolds of negative first Chern class were
first studied in [70, 45, 54] when the special fibres have only simple normal crossing sin-
gularities inside a smooth total space, and smooth pointed Cheeger-Gromov convergence
was shown to hold away from such simple normal crossing singularities. The first gen-
eral compactness result is established by the first author in [59] for higher dimensional
Ka¨hler-Einstein manifolds of negative scalar curvature. More precisely, it is proved in
[59] that if f : X → B∗ is a projective family of Ka¨hler manifolds of negative first Chern
class over a punctured disc B∗ = {t ∈ C | 0 < |t| < 1}, the fibres Xt = f−1(t) equipped
with the unique Ka¨hler-Einstien metrics gt must converge in pointed Gromov-Hausdorff
topology to a quasiprojective Ka¨hler-Einstein variety as t→ 0 and the projective compat-
ification of such a limiting variety coincides with the unique semi-log canonical model as
the central fibre for the algebraic log canonical closure of f : X → B∗. In particular, any
boundary point of the algebraic compatification of the moduli space of smooth canonical
models corresponds to a unique Riemannian complete Ka¨hler-Einstein metric space. In
this paper, we aim to generalize the result of [59] to algebraic degeneration of Ka¨hler-
Einstein manifolds of negative scalar curvature over higher dimensional base, which will
allow us to to solve the general compactness problem. In addition, we establish new C0
estimates for the Weil-Petersson potential on the compactified KSBA moduli space.
We start by introducing the main objects of interests, the space of Ka¨hler-Einstein
spaces with negative first Chern class with fixed dimension and upper volume bound.
Definition 1.1. Let K(n, V ) be the space of Ka¨hler-Einstein manifolds defined by
K(n, V ) = {(X, J, g) | (X, J, g) is Ka¨hler, dimCX = n, Ric(g) = −g, Vol(X, g) ≤ V }.
We now state our first main result which concerns the compactness of the spaceK(n, V ).
Theorem 1.1. For any sequence {(Xj, Jj , gj)}∞j=1 ⊂ K(n, V ), after passing to a subse-
quence, there exist m ∈ Z+ and a sequence of Pj = (p1,j, p2,j, ..., pm,j) ∈ ∐mk=1Xj, such
that (Xj, Jj, gj, Pj) converge in the pointed Gromov-Hausdorff topology to a finite disjoint
union of metric spaces
(1.1) (Y , dY) = ∐mk=1(Yk, dk)
4satisfying the following.
(1) For each k, {(Xj, Jj, gj, pk,j)}∞j=1 converges smoothly to an n-dimensional Ka¨hler-
Einstein manifold (Yk \ Sk,Jk, gk) away from the singular set Sk of (Yk, dk). In
particular, Sk is closed and has Hausdorff dimension no greater than 2n− 4.
(2) The complex structure Jk on Yk \ Sk uniquely extends to Yk and (Yk,Jk) is an
n-dimensional normal quasi-projective variety with at worst log terminal singular-
ities.
(3) (Yk, dk) is the metric completion of (Yk \ Sk, gk) and gk uniquely extends to a
Ka¨hler current on Yk with locally bounded Ka¨hler potentials.
(4)
∑m
k=1Vol(Yk, dk) = limj→∞Vol(Xj, gj).
(5) There exists a unique projective compactification Y of Y such that Y is a semi-log
canonical model and Y \ Y is the non log terminal locus of Y.
The number m of components in the limiting space is bounded above by a constant
M = M(n, V ) and limV→∞M = ∞. Moreover, it follows from [33, Theorem 1.9] that
the volume of each component (Yk, dk) in the limiting metric space is bounded below by
a constant ν = ν(n) > 0 that only depends on the dimension n. A smooth canonical
model is a complex projective manifold whose canonical bundle is ample, or equivalently,
with negative first Chern class. There is always a unique Ka¨hler-Einstein metric in the
canonical class of a smooth canonical model. Semi-log canonical models (see Definition
2.2) are high-dimensional analogues of high genus nodal curves and are generalizations of
canonical models with hypersurface singularities. Theorem 1.1 is a also generalization of
the holomorphic compactness result in [59].
Let us say a few words about the proof. As in [59], we first need to control the
growth rate towards −∞ of the Ka¨hler-Einstein potential near the log canonical locus. To
overcome the difficulties posed by a higher dimensional base, we use semi-stable reduction
together with an analytic form of Inverse of Adjunction to obtain the necessary control.
Then, following the road map in [59], we prove a uniform non-collapsing condition for
(Xj, gj) ∈ K(n, V ), more precisely, we will show that there exist c = c(n, V ) > 0 and
pj ∈ Xj such that for all j ≥ 1
(1.2) Volgj(Bgj (pj, 1)) > c.
The Cheeger-Colding theory cannot be applied without condition (1.2). Such a non-
collapsing condition is achieved by uniform analytic estimates using the algebraic semi-
stable reduction. Instead of considering a general sequence of Ka¨hler-Einstein manifolds
with fixed dimension and volume upper bound, we can consider an algebraic family of
canonical models with fixed Hilbert polynomial, and study the Riemannian geometric
behavior of Ka¨hler-Einstein metrics on algebraic degeneration of such manifolds towards
semi-log canonical models. Therefore it suffices to prove the compactness for Ka¨hler-
Einstein manifolds as a holomorphic family over a projective variety S. One of the main
contributions in this paper is to derive a local analytic estimate for dimS ≥ 2, improv-
ing the results in [59] for dimS = 1. Roughly speaking, we aim to turn the bigness of
canonical class into non-collapsing of the Riemannian metrics. With the noncollapsing
condition (1.2), the partial C0-estimates will naturally hold by the fundamental work in
[70, 24]. One of the difficult issues here for degeneration of canonical models is that, the
5diameter will in general tend to infinity and there must be collapsing at the complete
ends in the limiting metric space. We will have to estimate the distance near the singular
locus of special fibres of the degeneration. It turns out by applying the analytic and
geometric techniques developed in [59] that the general principle for geometric Ka¨hler
currents applies, i.e., boundedness of the local potential is equivalent to boundedness of
distance to a fixed regular base point. Such a principle is achieved by building a local
Schwarz lemma with suitable auxiliary Ka¨hler-Einstein currents and the L∞-estimates
for degenerate complex Monge-Ampe`re equations from the capacity theory [43, 25]. Our
proof also relies on the the recent progress in birational geometry which establishes the
KSBA compatification of the moduli space of canonical models. Theorem 1.1 gives the ex-
pected relation between differential geometric moduli spaces and algebraic moduli spaces
of smooth canonical models.
There are still many open questions (c.f. [32, 34, 40, 41]). The standard partial
C0-estimates fail near the log canonical and semi-log canonical locus of the semi-log
canonical models because of collapsing, and the Riemannian geometric limit will push such
singularities to infinity which limits our understanding of the metric and the geometric
structure. Naturally, one hopes to use geometric L2-theory to compactify and glue the
complete metric spaces in the limit along the semi-log canonical locus to recover the
algebraic semi-log canonical models. Also it seems to be more natural to compactify the
moduli space by using the compactness of Ka¨hler-Einstein metrics without running the
relative minimal model program (MMP). It is possible that most results in Theorem 1.1
can be proved without using MMP, although it is not clear how to identify the limiting
metric space as an algebraic variety since the partial C0-estimates as well as geometric
convergence theory are not quite available in the collapsing case.
Yau has proposed studying the metric completion of the Weil-Petersson metric on the
moduli spaces as an approach for compactification. We apply Theorem 1.1 and its proof
to obtain some analytic understanding the relative canonical sheaf as well as the Weil-
Petersson currents. To explain our next result we first make the following definition.
Definition 1.2. A flat projective morphism π : X → S between normal varieties X and
S is said to be a stable family of canonical models, i.e., Ka¨hler manifolds of negative first
Chern class, if the following hold.
(1) The relative canonical sheaf KX/S is Q-Cartier and is π-ample.
(2) The general fibres are smooth canonical models and the special fibres are semi-log
canonical models.
We let S◦ be the set of smooth points of S over which π is smooth and X ◦ = π−1(S◦).
In this paper, we always assume the general fibres of a stable family are smooth, i.e.,
the family π|X ◦ : X ◦ → S◦ in Definition 1.2 is a holomorphic family of canonically
polarized projective manifolds. For each t ∈ S◦, there exists a unique Ka¨hler-Einstein
form ωt ∈ c1(Xt) on the fibre Xt = π−1(t) and one can define the hermitian metric on the
relative canonical bundle KX ◦/S◦ by ht = (ω
n
t )
−1. It is proved by Schumacher [55] and
Tsuji [72] using different methods that
Ric(h) = −√−1∂∂ log h
6is nonnegative on X ◦ and Ric(h) is strictly positive if the family is nowhere infinitesimally
trivial. It is further shown in [55] that h can be uniquely extended to a non-negatively
curved singular hermitian metric on KX/S with analytic singularities, which implies that
the relative canonical bundle KX/S is pseudo-effective. Using the proof of Theorem 1.1,
we can give a sharp description of the analytic singularities of h. In fact, h has vanish-
ing Lelong number everywhere on X and it tends −∞ exactly at the semi-log and log
canonical locus of the special fibres as semi-log canonical canonical models of π : X → S.
In particular, this gives an analytic proof of Fujino’s theorem [27] which says that the
relative canonical bundle KX/S is nef.
Theorem 1.2. Let π : X → S be a stable family of n-dimensional canonical models over
a projective normal variety S. Let ωt be the unique Ka¨hler-Einstein metric on Xt for
t ∈ S◦ and h be the hermitian metric on the relative canonical sheaf KX ◦/S◦ defined by
ht = (ω
n
t )
−1.
The curvature θ =
√−1∂∂ log h of (KX ◦/S◦ , h) extends uniquely to a closed nonnegative
(1, 1)-current on X with vanishing Lelong number everywhere. Furthermore,
(1) θ|Xt = ωt for t ∈ S◦.
(2) θ|Xt is the unique canonical Ka¨hler-Einstein current on the semi-log canonical
model Xt for any t ∈ S \ S◦.
(3) KX/S is nef on X .
Moreover, if all the fibres of π : X → S have at worst log terminal singularities, then θ
has bounded local potentials on X .
The Weil-Petersson metric on the moduli space of Ka¨hler-Einstein manifolds with neg-
ative first Chern class is the L2-metric of the harmonic (0, 1)-form with coefficients in
the tangent bundle and it is a natural generalization of the Weil-Petersson metric for
the Teichmu¨ller space. It is shown in [38] that the Weil-Petersson metric is Ka¨hler over
the base of families of smooth canonical models. The following theorem shows that the
Weil-Petersson metric can be uniquely extended globally to the base of any stable family.
Theorem 1.3. Let π : X → S be a stable family of n-dimensional canonical models over
an m-dimensional projective normal variety S. Then the Weil-Petersson metric ωWP
on S◦ extends uniquely to a non-negative closed (1, 1)-current on S with bounded local
potentials, i.e., for any point p ∈ S, there exists an open neighborhood U of p in S and a
bounded plurisubharmonic function ψ in U such that
ωWP =
√−1∂∂ψ.
In particular, the volume of (S, ωWP ) is finite and∫
S
(ωWP )
m =
∫
S◦
(ωWP )
m ∈ Q+.
In fact, the extended Weil-Petersson metric on S in Theorem 1.3 is the curvature of
the CM line bundle on S defined by the Deligne Pairing 〈KX/S , KX/S ..., KX/S〉 of KX/S
with itself n + 1 times.
Let (X, J) be an n-dimensional smooth canonical model of general type with complex
structure J . Let MKSBA be the KSBA compactification of the moduli space of complex
7structures on X . Then MKSBA is a projective variety and the CM line bundle L induced
by the Deligne pairing is well-defined on MKSBA (c.f. [53]). The Weil-Petersson metric
ωWP is also a well-defined smooth Ka¨hler metric on (MKSBA)◦, a Zariski open set of
MKSBA (see section 9). In particular, ωWP is the curvature of L on (MKSBA)◦. The
following corollary gives the extension of ωWP on MKSBA.
Corollary 1.1. The Weil-Petersson ωWP extends uniquely to a nonnegative closed (1, 1)-
current on the coarse moduli space MKSBA with bounded local potentials and
ωWP ∈ c1(LCM),
where LCM is the CM bundle onMKSBA. In particular, the volume ofMKSBA with respect
to the Weil-Petersson metric is a rational number, i.e.,
(1.3)
∫
MKSBA
(ωWP )
d =
∫
(MKSBA)
◦
(ωWP )
d = [c1(L)]d ∈ Q+,
where d = dimMKSBA.
In general, MKSBA is not a normal variety, but the integral
∫
MKSBA
(ωWP )
d can be
computed on the normalization ofMKSBA and the volume is independent of the choice of
normalization. We will explain how the Weil-Petersson metric is defined on the moduli
space. Corollary 1.1 also implies that LCM is big and nef since ωWP ≥ 0 with bounded
local potentials. In fact, it is proved [53] that LCM is ample.
It is expected that the Weil-Petersson metric has finite distance for the moduli space of
canonical models as in the case of high genus curves. This is confirmed in [70, 54] for spe-
cial degeneration of smooth canonical models whose central fibre has only normal crossing
singularities. Naturally, one also expects the local potentials of the Weil-Petersson met-
ric to be always bounded. Therefore we propose the following conjecture which is an
extension of Theorem 1.3.
Conjecture 1.1. The Weil-Petersson metric ωWP on S◦ extends uniquely to a non-
negative closed (1, 1)-current on S with continuous local potentials on S and the comple-
tion of (S◦, ωWP ) is homeomorphic to S if π : X → S is nowhere infinitesimally trivial.
We are able to partially verify Conjecture 1.1 and prove the continuity of the Weil-
Petersson potentials in [60].
Remark: We can also let S =MKSBA be the moduli space in Conjecture 1.1.
There have been many results in the study of canonical Ka¨hler metrics on projective
varieties of non-negative Kodaira dimension using the Ka¨hler-Ricci flow or deformation
of Ka¨hler metrics of Einstein type [61, 62, 57, 26]. Such deformations, with both ana-
lytic and geometric estimates, have applications in algebraic geometry, for example, an
analytic proof of Kawamata’s base point free theorem for minimal models of general type
is obtained in [58]. More generally, the Ka¨hler-Ricci flow is closely related to the mini-
mal model program and the formation of finite time singularities is an analytic geometric
transition of solitons for birational flips. A detailed program is laid out in [63] with partial
geometric results obtained in [66, 67, 68, 56]. Combining Theorem 1.1 and the results
in [59], there always exists a unique geometric Ka¨hler-Einstein metric on canonical mod-
els which either have a smooth minimal model or are smoothable. For general semi-log
8canonical models, we expect further applications towards understanding algebraic and
geometric structures of the singularities which arise, but significant work remains.
We give a brief outline of the paper. In §2 and §3, we review the definition of canonical
Ka¨hler-Einstein currents on semi-log canonical models and state the semi-stable reduction
for stable families of canonical models. We prove the local C0-estimates in §3. In §5 and
§6, we adapt the proof in [59] to obtain necessary analytic and geometric estimates.
Theorem 1.1 is proved in §7. Finally, we prove Theorem 1.2 in §8 and Theorem 1.3 in §9.
2. Ka¨hler-Einstein currents on semi-log canonical models
In this section, we review the definitons semi-log canonical models and the algebraic
degeneration of canonical models of general type. First, let us recall the definition for log
canonical singularities of a projective variety.
Definition 2.1. Let X be a normal projective variety such that KX is a Q-Cartier di-
visor. Let π : Y → X be a log resolution and {Ei}pi=1 the irreducible components of the
exceptional locus Exc(π) of π. There there exists a unique collection ai ∈ Q such that
KY = π
∗KX +
p∑
i=1
aiEi.
Then X is said to have
• terminal singularities if ai > 0, for all i.
• canonical singularities if ai ≥ 0, for all i.
• log terminal singularities if ai > −1, for all i.
• log canonical singularities if ai ≥ −1, for all i.
A projective normal variety X is said to be a canonical model if X has canonical singu-
larities and KX is ample.
Smooth canonical models are simply Ka¨hler manifolds of negative first Chern class.
There always exists a unique Ka¨hler-Einstein metric on smooth canonical models [6, 73].
The notion of semi-log canonical models is crucial in the study of degenerations of smooth
canonical models (c.f. [40, 44]).
Definition 2.2. A reduced projective variety X is said to be a semi-log canonical model
if
(1) KX is an ample Q-Cartier divisor,
(2) X has only ordinary nodes in codimension 1,
(3) For any log resolution π : Y → X,
KY = π
∗KX +
I∑
i=1
aiEi −
J∑
j=1
Fj,
where Ei and Fj, the irreducible components of exceptional divisors, are smooth
divisors of normal crossings with ai > −1.
9We denote the algebraic closed set LCS(X) = Supp
(
π
(⋃J
j=1 Fj
))
in X to be the locus
of non-log terminal singularities of X. We also let RX be the nonsingular part of X and
SX the singular set of X.
Implicit in our assumptions is the requirement that X is Q-Gorenstein and satisfies
Serre’s S2 condition] (see [44] for more details on such algebraic notions). The non-log
terminal locus is the set of singular points of X with their discrepancy equal to −1.
Analytically, this locus is the set of points near which the adapted volume measure fails
to be locally integrable.
In general, X is not normal. Let ν : Xν → X be the normalization of X and
KXν = ν
∗KX − cond(ν),
where cond(ν) is a reduced effective divisor known as the the conductor. In fact, cond(ν)
is the inverse image of codimension-one ordinary nodes. Now KXν + cond(ν) is a big
and semi-ample divisor on Xν and so the pair (Xν, KXν + cond(ν)) has log canonical
singularities. Let πν : Y → Xν be a log resolution. Then π = ν ◦ πν : Y → X is also a
log resolution and
KY = π
∗KX +
∑
aiEi −
∑
Fj , ai > −1,
where Ei, Fj are the exceptional prime divisors of π. In other words, the normalization
(Xν) of X gives rise to a log canonical pair (Xν , cond(ν)). In particular, if one aims to
construct a Ka¨hler-Einstien metric gKE on X , gKE can be pulled backed to a suitable
Ka¨hler current on Xν in the class of KXν + cond(ν).
Theorem 2.1. [59] Let X be a semi-log canonical model with dimCX = n. There exists
a unique Ka¨hler current ωKE ∈ −c1(X) such that
(1) ωKE is smooth on RX , the nonsingular part of X, and it satisfies the Ka¨hler-
Einstein equation on RX
Ric(ωKE) = −ωKE.
(2) ωKE has bounded local potentials on the quasi-projective variety X\LCS(X), where
LCS(X) is the non-log terminal locus of X. More precisely, let
Φ : X → CPN
be a projective embedding of X by a pluricanonical system H0(X,mKX) for some
m ∈ Z+ and let χ = 1
m
ωFS|X , where ωFS is the Fubini-Study metric on CPN .
Then ωKE = χ+
√−1∂∂ϕKE for some ϕKE ∈ PSH(X,χ) such that
ϕKE ∈ L∞loc(X \ LCS(X)), ϕKE → −∞ near LCS(X).
(3) Let D be any effective divisor of X such that the support of D contains the singu-
larities of X. Then for any ǫ > 0, there exists Cǫ > 0 such that on X,
ϕKE ≥ ǫ log |σD|2hD − Cǫ,
where σD is a defining section of D and hD is a fixed smooth hermitian metric on
the line bundle associated to D.
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(4) The Monge-Ampe`re mass ωnKE does not charge mass on the singularities of X and∫
X
ωnKE = [KX ]
n.
The Ka¨hler-Einstein currents on semi-log canonical models were first constructed in
[7] using a variational method and they coincide with the Ka¨hler-Einstein currents con-
structed in Theorem 2.1 by the uniqueness. Also the quasi-plurisubharmonic function
ϕKE in Theorem 2.1 has vanishing Lelong number everywhere on X because ϕKE is
milder than any log poles from (3) in Theorem 2.1. The estimates on local boundedness
of the Ka¨hler-Einstein potentials in [7] are not sufficient to study the Riemannian geo-
metric degeneration for a stable degeneration of smooth canonical models. Our approach
is to combine the fundamental results [43, 25] and the maximum principle with suitable
barrier functions. This helps us to obtain local L∞-estimates of local potentials away
from the non-log terminal locus of X .
By the uniqueness of the Ka¨hler-Einstein current in Theorem 2.1, we can incorpo-
rate Theorem 2.1 into the definition of canonical Ka¨hler-Einstein currents on semi-log
canonical models.
Definition 2.3. Let X be a semi-log canonical model with dimCX = n. We define the
canonical Ka¨hler-Einstein current on X to be the current ωKE in Theorem 2.1.
3. Stable families of canonical models and semi-stable reduction
In this section, we will give some algebraic background of KSBA families and semi-
stable reduction. Let
π : X → S
be a stable family of smooth canonical models as in Definition 1.2. Without loss of
generality, we can assume S is smooth by resolving singularities of S because the new
family after resolution of singularities on S is again a stable family of smooth canonical
models with the same fibres.
The following lemma is well-known and follows immediately from the definition of a
flat morphism.
Lemma 3.1. If p is a smooth point of a fibre Xt = π−1(t) for some t ∈ S, s is also a
smooth point of the total space X .
The following semi-stable reduction is due to Ambromovich-Karu [1] and Adiprasito-
Liu-Temkin [2].
Theorem 3.1. Let π : X → S be a surjective flat morphism of projective varieties with
generically integral fibres. Then X → S admits a semistable reduction. That is, there
exist a proper surjective generically finite morphism f : S ′ → S and a proper birational
morphism Ψ : X ′ → X ×S S ′ for some smooth X ′ as in the following diagram
(3.1)
X ′ Z := X ×S S ′ X
S ′ S
◗
◗
◗
◗
◗
◗s
π′
✲Ψ ✲f
′
❄
πZ
❄
π
✲f
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satisfying the following.
For any x′ ∈ X ′ and s′ = f ′(x′) ∈ S ′, there exist formal holomorphic coordinates
(x1, ..., xn+d), (t1, ..., td) centered at x
′ and s′ respectively, such that f ′ is given by near x′
(3.2) ti =
mi∏
j=mi−1+1
xj ,
for some 0 = m0 < m1 < ... < md ≤ n+ d.
The coordinates t1, ..., td, x1, ..., xn+d are obtained from global coordinates from toroidal
embeddings and the hyperplanes defined by xi = 0 in one local open neighborhood must
also appear as zeros of such local toric coordinates in every local neighborhood. Weak
semi-stable reduction is established by Karu-Ambramovich in [1], and in their result X˜
is not necessarily smooth. It is conjectured in [1] that X˜ can be made smooth. The
conjecture was proved for n = 3 in [35] and was recently settled completely in [2]. Weak
semi-stable reduction suffices for our purpose, but we will use the semi-stable reduction
result of [2] which slightly simplifies the argument . After the base alteration S ′ → S,
πZ : Z → S ′
is still a stable family of smooth canonical models. We will now focus on the following
diagram
(3.3)
X ′ Z
S ′ = B
❅
❅
❅❘
π′
✲Ψ
❄
πZ
where B is the unit ball in Cd, because we can always resolve singularities of S ′ and
assume S ′ is smooth. The coordinates {t1, ..., td} in Theorem 3.1 are uniquely determined
up to permutation on B. Let Hi be the divisor of Z defined by
ti = 0
for i = 1, ..., d. Such divisors are uniquely determined locally near the central fibre
Z0 = π−1Z (0). Since the general fibres of πZ are smooth, if we let Zsing be the singular
set of Z, then πZ(Zsing) is a proper subvariety of B. We choose a birational morphism
f : B′ → B such that f−1(Ψ(Zsing)) is a divisor with simple normal crossings. Therefore,
we can always assume that πZ(Zsing) is a divisor of simple normal crossings in B.
Lemma 3.2. The log pair (Z, KZ +
∑d
i=1Hi) is a log canonical pair. Furthermore, Z
has at worst canonical singularities.
Proof. Let K be any irreducible and reduced component of the central fibre Z0. Recall
an irreducible subvariety V of a log pair (X,∆) is called the log canonical center if there
exists a birational morphism f : Y → X and a divisor E of Y such that f(E) = V and
the discrepancy a(E,X,∆) = −1. Since K is a complete intersection of H1, ..., Hd in
a neighborhood of K and the generic point of K is smooth, it must be a log canonical
center of (Z,∑di=1Hi) near K by considering the blow-up of the ideal defined by ∩di=1Hi.
On the other hand, K is a component of the central fibre which is a semi-log canonical
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model. Therefore the normalization of K is log canonical. We now can apply the inverse
adjunction of Hacon [31] and so (Z, KZ +
∑d
i=1Hi) is log canonical near K. The first
statement of the lemma then immediately follows. In fact, one can use the standard
inverse adjunction formula of Kawakita [36] inductively by perturbing the divisor slightly,
since K is a complete intersection.
Let F : Z ′ → Z be a log resolution of Z. For any point p ∈ Z, we let s = (s1, s2, ..., sd)
be the local holomorphic coordinates of B such that
p ∈ π−1Z ({s = 0})
and near π−1Z ({s = 0}), we can assume
πZ(Zsing) ⊂
d∑
i=1
Gi,
where Gi = {si = 0}. By the same argument before, (Z,
∑d
i=1Gi) is a log canonical pair
near the fibre π−1Z ({s = 0}) and near such a fibre, we have
KZ′ = F∗KZ +
d∑
i=1
(F ∗Gi −G′i) +
I∑
i=1
aiEi +
K∑
k=1
bkE
′
k,
where G′i is the strict transform of Gi, the exceptional divisor of F consists of {Ej}Jj=1 ∪
{E ′k}Kk=1 with the prime divisor Ej contained in
∑d
i=1F∗Gi and the prime divisor E ′k not
contained in
∑d
i=1F∗Gi for i = 1, ..., I and k = 1, ..., K. Since (Z,
∑d
i=1Gi) is a log
canonical pair, we have
ai ≥ −1, bk ≥ −1.
By definition of Ei, we have
d∑
i=1
(F ∗Gi −G′i) =
I∑
i=1
ciEi, ci ≥ 1.
For each k, F(E ′k) is not contained in
∑d
i=1Gi by definition, so the generic points of
F(E ′k) are smooth points of Z. This implies that F is a smooth blow-up near the generic
points of F(E ′k) and so bk > 0. In summary, near the fibre π−1Z ({s = 0}) we have
KZ′ = F∗KZ +
I∑
i=1
(ci + ai)Ei +
K∑
k=1
bkE
′
k,
with
ci + ai ≥ 0, bk > 0
for i = 1, ..., I and k = 1, ..., K. This completes the proof of the lemma.

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4. Local C0-estimate
In this section, we will establish uniform L∞-estimates for the local potentials of the
Ka¨hler-Einstein metrics for any fibres of πZ : Z → B as in the diagram (3.3). Such esti-
mates were obtained in [57, 59] when dimB = 1, in which case the semi-stable reduction
of Mumford is available. When dimB ≥ 2, we will make use of the (weakly) semi-stable
reduction as in Theorem 3.1 together with an analytic form of Inverse of Adjunction, and
then apply the maximum principle with suitable barrier functions for log canonical pairs
(Z, KZ +
∑d
i=1Hi).
We will first introduce some basic notations and quantities to set up the family of
Ka¨hler-Einstein equations for the fibres of πZ : Z → B. The following adapted volume
measure is introduced in [25] to study the complex Monge-Ampe`re equations on singular
projective varieties.
Definition 4.1. Let X be a projective normal variety with a Q-Cartier canonical divisor
KX . Then Ω is said to be an adapted measure on X if for any z ∈ X, there exists an
open neighborhood U of z such that
Ω = fU(α ∧ α) 1m ,
where fU is the restriction of a smooth positive function on the ambient space of a projec-
tive embedding U and α is a local generator of the Cartier divisor mKX on U for some
m ∈ Z+.
The adapted volume measure can also be defined for semi-log canonical models via
pluricanonical embeddings. However, such volume measures are not locally integrable
near the semi-log and log canonical singularities.
We now consider the following diagram from the stable family of smooth canonical
models after base alternation as in the previous section.
(4.1)
X ′ Z
B
❅
❅
❅❅❘
π′
✲Ψ
❄
πZ
where B is a unit ball in Cd. We denote B◦ the set of points over which the fibres
are smooth. Since KZ/B is πZ-ample, we can assume there exist holomorphic sections
η0, η1, ..., ηN of mKZ/B for some sufficiently large m such that they induce a projective
embedding of Z
Ψ = [η0, ..., ηN ] : Z → B × CPN .
We let
χ =
1
m
√−1∂∂ log
(
N∑
i=0
|ηi|2
)
be the pullback of the Fubini-Study metric of CPN . In particular, for each t ∈ B◦,
(4.2) χt = χ|Zt ∈ c1(KZt).
is a smooth Ka¨hler metric on Zt.
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For any t ∈ B, ηi|Zt is a holomorphic pluricanonical form on the regular part of Zt =
π−1Z (t). We will define the relative volume form Ω by
(4.3) Ω =
(
N∑
i=0
|ηi|2
) 1
m
and for each t ∈ B◦,
(4.4) Ωt = Ω|Zt
is a smooth volume form on Zt. By definition of KZ/B and {η0, ..., ηN},
(4.5) (
√−1)d ∧di=1 dti ∧ dti ∧ Ω
is an adapted volume measure on Z. If we write the Ka¨hler-Einstein metric ωt by
ωt = χt +
√−1∂∂ϕt,
then the Ka¨hler-Einstein equation on Zt for each t ∈ B is given by
(4.6) (χt +
√−1∂∂ϕt)n = eϕtΩt.
We fix a component Z of the central fibre Z0, where Z0 is a semi-log canonical model.
Let Z′ be the strict transform of Z by Ψ in X ′. If we fix a smooth point p ∈ Z, then
Z′ is locally defined by xi1 = xi2 = ... = xid = 0 locally near p
′ = Ψ−1(p), where
t1, ..., td, x1, ..., xn+d are local toric coordinates in the semi-stable reduction (3.2) in The-
orem 3.1. Without loss of generality, we assume that i1 < i2 < ... < id and let Dj be the
global irreducible hypersurface defined by
(4.7) Dj = {xij = 0}, j = 1, ..., d.
Then Z′ is a complete intersection of {D1, D2, ..., Dd} locally near p. When d = 1, by
the semi-stable reduction, Z′ must be a smooth hypersurface itself and one can obtain
local C0-estimate as in [57]. However, when d > 1, one does not expect Z′ to be smooth
in general as it might intersect itself and moreover, globally, Di might intersect Z
′. Our
goal is to further apply toroidal blow-ups so that the strict transform of Z′ after such
blow-ups becomes a smooth complete intersection.
We can assume D1, ..., Dd are distinct after shrinking B so that Z
′ is a component
of the complete intersection of D1, ..., Dd. In particular, we can assume each Di is an
irreducible component of
∑d
i=1H
′
i, where H
′
i is the strict transform of Hi by Ψ.
We will perform a sequence of toroidal blow-ups of X ′ along locally toric subvarieties
of X ′ such that the resulting birational morphism
Φ : X˜ → X ′
satisfies the following after possibly shrinking B. Let D˜1, ..., D˜d and Z˜ be the strict
transform of D1, ..., Dd and Z
′ respectively. We also let X˜0 be the strict transform of Z0
by Ψ ◦ Φ.
Then {D˜1, ..., D˜d} is a set of smooth divisors of simple normal crossing with
∩di=1D˜i = Z˜.
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In particular, D˜i does not intersect Z˜ and always has multiplicity 1. The resulting family
is given by the following diagram
(4.8)
X˜ X ′ Z
B
❅
❅
❅❘
π˜
✲Φ
❄
π′
✲Ψ
 
 
  ✠
πZ
For any closed point q ∈ X˜ , there exist formal holomorphic toroidal coordinates x1, ..., xn+d
such that π˜ is given by near p
(4.9) ti =
n+d∏
j=1
x
αi,j
j , i = 1, ..., d.
Here αi,j are nonnegative integers satisfying
d∑
i=1
αi,j ≥ 1.
Furthermore,
(
√−1)d ∧di=1 dti ∧ dti
is a strictly positive (d, d)-form away from a finite union of subvarieties of X˜ which does
not contain any fibre.
We let H˜i be the strict transform of Hi by Ψ ◦Φ and let {Ej}Jj=1 be the prime divisors
defined by
(4.10)
d∑
i=1
H˜i =
J∑
j=1
Ej +
d∑
i=1
D˜i.
Each Ej must be locally defined as the toroidal coordinate hyperplane and none of them
lies in the exceptional locus of Ψ ◦ Φ. Let {E ′k}Kk=1 be all the prime toroidal divisors of
the exceptional locus of Ψ ◦ Φ, i.e. each E ′k must be locally defined as the hyperplane
from the toroidal coordinates and let
{E˜i}Ii=1 = {E1, E2, ..., EJ , E ′1, E ′2, ...E ′K}
with I = J +K. We let F˜m be the prime divisors of exceptional locus of Ψ◦Φ other than
E ′1, ..., E
′
K , for m = 1, ...,M . F˜m might not be smooth or have simple normal crossings
and there might be higher codimensional subvarieties in the exceptional locus of Ψ ◦ Φ.
Then we have the following formula.
Lemma 4.1. There exist ai ≥ −1, bm ≥ 0, for i = 1, ..., I and m = 1, ...,M such that
numerically
(4.11) KX˜ +
d∑
i=1
D˜i = (Ψ ◦ Φ)∗(KZ +
d∑
i=1
Hi) +
I∑
i=1
aiE˜i +
M∑
m=1
bmF˜m.
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Proof. It follows from Lemma 3.2 that KZ +
∑d
i=1Hi is a log canonical pair and so
(4.12) KX˜ +
d∑
i=1
H˜i = (Ψ ◦ Φ)∗(KZ +
d∑
i=1
Hi) +
K∑
k=1
ckEK +
M∑
m=1
bmF˜m
for some cj ≥ −1 and bm ≥ −1, j = 1, ..., J , m = 1, ...,M . Immediately, we have
KX˜ +
d∑
i=1
D˜i = (Ψ ◦ Φ)∗(KZ +
d∑
i=1
Hi) +
I∑
i=1
aiE˜i +
M∑
m=1
bmF˜m
for ai ≥ −1 by the definition of E˜i. On the other hand, Z has canonical singularities
and F˜m is not a component of
∑d
i=1 D˜i or (Ψ ◦ Φ)∗(
∑d
i=1Hi), therefor bm ≥ 0, for each
m = 1, ...,M . This proves the lemma.

We consider the following Monge-Ampe`re equation on X˜t = π˜−1(t) for each t ∈ B◦ by
pulling back equation (4.6) using Ψ ◦ Φ,
(4.13) (χt +
√−1∂∂ϕt)n = eϕtΩt.
Here for conveniences, we use the same notations for the pullback of χ, Ωt and ϕt by
Ψ ◦ Φ.
Let Θ be a smooth volume form on X˜ near the central fibre and let ω be a fixed smooth
Ka¨hler form on X˜ . There exist ci > 0 and an effective Q-Cartier divisor E such that
(Ψ ◦ Φ)∗KZ −
I∑
i=1
ci[E˜i]− [E ]
is ample by Kodaira’s lemma. We need to add the divisor E because the exceptional
locus of Ψ ◦Φ might be larger than the support of ∪Ii E˜i. The support of E must contain∑M
m=1 F˜m.
Let σE˜i and σE be the defining section of E˜i and E . There exist smooth hermitian
metrics hE˜i and hE equipped on the corresponding line bundle associated to the divisor
E˜i for i = 1, ..., I and E such that
(4.14) χ+
I∑
i=1
ci
√−1∂∂ log hE˜i +
√−1∂∂ log hE > 0
is a Ka¨hler metric on X˜ near the central fibre (note that χ is not strictly positive along
the exceptional divisors). We also let σD˜i be the defining sections for D˜i let hD˜i be fixed
smooth hermitian metrics on the line bundle associated to D˜i for i = 1, ..., d. Without
loss of generality, we can always assume the following holds on X˜ .
d∑
i=1
|σD˜i|2hD˜i +
I∑
i=1
|σE˜i|2hE˜i + |σE |
2
hE
≤ 1.
We notice that {E˜i}Ii=1 are divisors of simple normal crossings since they are locally
defined by toroidal coordinates.
We will construct auxiliary conical Ka¨hler metrics in the following lemma.
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Lemma 4.2. For sufficiently small ε > 0,
(4.15) ωε = χ+ ε
I∑
i=1
ci
√−1∂∂ log hE˜i + ε
√−1∂∂ log hE + ε4
I∑
i=1
√−1∂∂|σE˜i |2ε
2
h
E˜i
is a smooth conical Ka¨hler metric on X˜ near the central fibre X˜0 with cone angle 2ε2π
along E˜i.
Proof. Let θ be a fixed smooth Ka¨hler form on X˜ . Since {E˜i}Ii=1 is a union of divisors
of locally toric divisors, they have only simple normal crossings and for any sufficiently
small ε > 0
θ + ε3
I∑
i=1
√−1∂∂|σE˜i |2ε
2
h
E˜i
is a smooth conical Ka¨hler metric with cone angle 2ε2π along E˜i, i = 1, ..., I. This can
be verified by straightforward local calculations. The lemma then follows by combining
the above observation and (4.14).

Our goal is obtain a uniform upper bound for ϕt and a uniform lower bound with
suitable barrier functions. We begin by comparing different volume forms.
Lemma 4.3. Let Z˜ in X˜ be the strict transform of Z of Z0 defined before. For sufficiently
small 0 < ε << 1, there exists c = c(ε) > 0 such that
(4.16)
(∧di=1dti ∧ dt¯i) ∧ (ωε)n(∧di=1dti ∧ dt¯i) ∧ Ωt ≥ c
I∏
i=1
|σE˜i|
2(−ai−1+ε2)
h
E˜i
on X˜ near the central fibre X˜0, where ai ≥ −1 is defined in Lemma 4.1 for i = 1, .., , I.
Proof. By Lemma 4.1, there exists a smooth volume form Ω˜ on X˜ such that
(4.17) (Ψ ◦ Φ)∗
(
(
√−1)d (∧di=1dti ∧ dt¯i) ∧ Ωt
|t1t2...td|2
)
≤
∏I
i=1 |σE˜i|2aihE˜i∏n
i=1 |σD˜i |2hD˜i
Ω˜.
for some aj ≥ −1 as in Lemma 4.1.
For any point p ∈ X˜0 of the central fibre, we can pick local holomorphic (toric) coordi-
nates x1, ..., xn+d near p such that there exist nonnegative integers αi,j such that
ti =
n+d∏
j=1
x
αi,j
j , i = 1, ..., d
as in (4.9).
If p is sufficiently close to Z˜, we can assume that Z˜ is locally defined by xn+1 = xn+2 =
... = xn+d = 0 with D˜i defined by xn+i = 0, after rearrangement of x1, ..., xn+d and so we
can use x1, ..., xn as coordinates for Z˜. In particular,
d∑
i=1
αi,j = 1, αi,j ≥ 0, j = n+ 1, ..., n+ d,
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since for each ti, there is one only and only one of {xn+1, xn+2, ..., xn+d} appearing as
a factor in ti because Z˜ is the completion intersection of D˜1, ..., D˜d. Without loss of
generality, we can assume
αi,j = δn+i,j, i = 1, ..., d, j = n + 1, ..., n+ d.
For each i = 1, ..., d, we have
(4.18)
dti
ti
=
n+d∑
j=1
αi,j
dxj
xj
,
and so
√−1dti ∧ dti
|ti|2 =
n+d∑
j=1
(αi,j)
2
√−1dxj ∧ dxj
|xj|2 +
n+d∑
k=1
n+d∑
l 6=k,l=1
αi,kαi,l
√−1dxk ∧ dxl
xkxl
≥
√−1dxn+i ∧ dxn+i
|xn+i|2 +
n+d∑
k=1
n+d∑
l 6=k,l=1
αi,kαi,l
√−1dxk ∧ dxl
xkxl
There exists cǫ > 0 such that near p, we have
ωε ≥ cǫ
√−1
(
n∑
i=1
dxi ∧ dxi
|xi|2(1−ε2) +
n+d∑
i=n+1
dxi ∧ dxi
)
≥ cǫ
√−1
(
n∑
i=1
dxi ∧ dxi
|xi|2(1−ε2)
)
and so
(4.19)
(
√−1)d (∧di=1dti ∧ dt¯i) ∧ ωnε
|t1t2...td|2 ≥
cn(
√−1)n+d∏n+di=1 dxi ∧ dxi∏n
i=1 |xi|2(1−ε2)
∏n+d
i=n+1 |xi|2
.
If p is away from Z˜, we can assume there are only 0 ≤ l < d members of {D˜1, D˜2, ..., D˜d}
that pass near p and without loss of generality we can assume that they correspond to
the hyperplanes xn+d−l+1 = 0, xn+d−l+2 = 0, ..., xn+d = 0. After rearrangement, we can
assume that
αi,j = δn+i,j, 1 ≤ i ≤ d, n + d− l + 1 ≤ j ≤ n+ d.
The differential of t = (t1, ..., td) is defined by
(4.20)
∂(t1, ..., td)
∂(x1, ..., xn+d)
=
[
αi,j
∏n+d
j=1 x
αi,j
j
xj
]
1≤i≤d,1≤j≤n+d
.
and it has rank equal to d away from the zeros of xj . Therefore the rank of [αi,j]1≤i≤d,1≤j≤n+d
is equal to d because the determinant of any d × d sub-matrix of (4.20) contains a fac-
tor as the determinant of the corresponding d× d submatrix of [αi,j]1≤i≤d,1≤j≤n+d. After
re-arrangement, we can assume that
B = [αi,j ]1≤i≤d, n+1≤j≤n+d
is invertible and
|detB| ≥ 1
since detB ∈ Z. Straightforward calculations show that
(
√−1)d ∧di=1 dti ∧ dt¯i
|t1t2...td|2 = I + II
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with
I =
(detB)2 (√−1)d∏n+dj=n+1 dxj ∧ dx¯j
|xn+1xn+2...xn+d|2 ≥
(
√−1)d∏n+dj=n+1 dxj ∧ dx¯j
|xn+1xn+2...xn+d|2
and II not containing (
√−1)d∏n+dj=n+1 dxj ∧ dx¯j .
Since hyperplanes defined by x1 = 0, ..., xn+d−l = 0 must be among those of E˜i, there
exists cǫ > 0 such that
ωε ≥ cǫ
√−1
(
n+d−l∑
j=1
dxj ∧ dxj
|xj|2(1−ε2) +
n+d∑
j=n+d−1+1
dxj ∧ dxj
)
.
Then immediately we have
(4.21)
(
√−1)d (∧di=1dti ∧ dt¯i) ∧ ωnε
|t1t2...td|2 ≥
(cǫ)
n+d−l(
√−1)n+d∏n+dj=1 dxj ∧ dxj∏n+d−l
j=1 |xj |2(1−ε2)
∏n+d
i=n+d−l+1 |xj |2
The estimates (4.19) and (4.21) hold near the central fibre X˜0. By shrinking B slightly
and covering X˜ by finitely many open sets where (4.19) and (4.21) hold, there exists
c′ǫ > 0 such that on X˜ , we have
(4.22)
(
√−1)d (∧di=1dti ∧ dt¯i) ∧ ωnε
|t1t2...td|2 ≥
c′ǫ Ω˜(∏I
i=1 |σE˜i |
2(1−ε2)
h
E˜i
)(∏n
i=1 |σD˜i|2hD˜i
)
The lemma follows immediately from (4.22) and (4.17).

We will now estimate the lower bound of ϕt in equation (4.13). where χt, Ωt and ϕt
are pullback of χt, Ωt and ϕt by Ψ
′.
Lemma 4.4. For any δ > 0, there exists Cδ > 0 such that for all t ∈ B◦, we have
ϕt ≥ δ log
(
|σE |2hE
I∏
i=1
|σE˜i |hE˜i
)
− Cδ
on each fibre X˜t.
Proof. For any ε > 0 satisfying the conclusion of Lemma 4.2, we define
(4.23) ϕt,ε = ϕt −
(
ε
(
I∑
i=1
ci log |σE˜i|2hE˜i + log |σE |
2
hE
)
+ ε4
I∑
i=1
|σE˜i |2ε
2
h
E˜i
)
and ϕt,ε satisfies the following equation away from all singular fibres(∧di=1dti ∧ dt¯i) ∧ (ωε +√−1∂∂ logϕt,ε)n(∧di=1dti ∧ dt¯i) ∧ Ωt =
(
|σE |2hE
I∏
i=1
|σE˜i |2cihE˜i
)ε
e
ϕt,ε+ε4
∑I
i=1 |σE˜i
|2ε
2
h
E˜i
by multiplying ∧di=1dti ∧ dt¯i to both sides of equation (4.13).
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Suppose qt is the minimal point of ϕt,ε|X˜t on a smooth fibre X˜t. The maximum principle
implies that at the point qt, there exist c = c(ε) > 0 such that
eϕt,ε ≥ e
−ε4
∑I
i=1 |σE˜i
|2ε
2
h
E˜i
(∧di=1dti ∧ dt¯i) ∧ ωnε(
|σE |2hE
∏I
i=1 |σE˜i |2cihE˜i
)ε (∧di=1dti ∧ dt¯i) ∧ Ωt
≥ c
|σE |2εhE
∏I
i=1 |σE˜i|
2(1+ai+εci−ǫ2)
h
E˜i
≥ c.
The second inequality follows from Lemma 4.3. Therefore on the fibre X˜t where qt lies,
we have
ϕt ≥ 2ε
I∑
i=1
log |σEi|2hEi − logC
′.
for some uniform constant C ′ = C ′(ε). The lemma then immediately follows.

We now will derive the upper bound for ϕt by the same argument in [57, 59].
Lemma 4.5. There exists C > 0 such that
sup
X˜
log
((∧di=1dti ∧ dt¯i) ∧ χnt(∧di=1dti ∧ dt¯i) ∧ Ωt
)
≤ C.
Proof. We use a trick similarly to that in [25]. By the choice of {ηj}Nj=0,
(
√−1)n+ddt1 ∧ dt1 ∧ ... ∧ dtd ∧ dtd ∧ Ω
is an adapted volume measure on X . Since X is normal, for any point p ∈ X , we
can embed an open neighborhood U of p in X into CN by i : U → CN (for example,
we can assume that η0 does not vanish near p and we can localize the embedding by
(η1/η0, ..., ηN/η0). Then χ|U extends to a smooth Ka¨hler metric on CN and is quasi-
equivalent to the Euclidean metric ωˆ =
√−1∑Ni=1 dzi ∧ dzi. Hence there exists C1 > 0
such that near i(p)
(C1)
−1χn+d ≤
∑
1≤i1<i2<...<in+d≤N
(
√−1)n+d
n+d∏
k=1
dzik ∧ dzik ≤ C1χn+d.
Since (
√−1)n+d (∧di=1dti ∧ dt¯i)∧Ω is an adapted volume measure on X , for any 1 ≤ i1 ≤
i2 ≤ ... ≤ in+d ≤ N , there exist smooth nonnegative functions fi1,...,in+d in U such that
i∗
(
(
√−1)n+d
n+d∏
k=1
dzik ∧ dzik
)
= fi1,...,in+d
(
(
√−1)d ∧di=1 dti ∧ dt¯i
) ∧ Ω.
This implies that there exists C2 > 0 such that
χn+d ≤ C2(
√−1)d (∧di=1dti ∧ dt¯i) ∧ Ω.
The lemma is proved since
√−1∑di=1 dti ∧ dti is bounded above by a multiple of χ.

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We immediately can achieve the following uniform upper bound for the potential ϕt.
Lemma 4.6. There exists C > 0 such that for all t ∈ (S ′)◦,
sup
X˜t
ϕt ≤ C.
Proof. We apply the maximum principle to equation
(χt +
√−1∂∂ϕt)n = eϕtΩt.
on X˜t at the maximal point of ϕt and obtain
sup
X˜t
ϕt ≤ sup
X˜t
log
(
χnt
Ωt
)
= sup
X˜t
log
(
dt1 ∧ dt1 ∧ ... ∧ dtd ∧ dtd ∧ χnt
dt1 ∧ dt1 ∧ ... ∧ dtd ∧ dtd ∧ Ω
)
≤ sup
X˜t
log
(
dt1 ∧ dt1 ∧ ... ∧ dtd ∧ dtd ∧ χn
dt1 ∧ dt1 ∧ ... ∧ dtd ∧ dtd ∧ Ω
)
.
The lemma easily follows from Lemma 4.5.

Let V be the the exceptional locus of the birational morphism Ψ ◦ Φ and let
(4.24) V ′ = V \ ∪Ii=1E˜i.
Then there exist divisors E1, ..., EL of X˜ such that
(4.25) V ′ = ∪Ll=1El.
Let σEl be the corresponding defining section of El and let hEl be fixed smooth hermitian
metrics on the line bundle associated with El for l = 1, ..., L. We conclude the section by
the following proposition by combining Lemma 4.4 and Lemma 4.6.
Proposition 4.1. There exists C > 0 and for any δ > 0, there exists Cδ > 0 such that
the potential function ϕ satisfies the following estimate on X˜
(4.26) δ log
((
L∑
l=1
|σEl |2hEl
)(
I∏
i=1
|σE˜i|hE˜i
))
− Cδ ≤ ϕ ≤ C.
We also remark that ϕ is smooth on X˜ ′ away from the singular fibres. In fact, one
can further show that ϕ is smooth away from singular set of all the special fibres in
the next section. Proposition 4.1 can be improved by bounding ϕ below by a multiple
− log(− log)-poles along the log and semi-log locus of special fibres and such improvement
can be applied to prove that the local potentials of the Weil-Petersson current in Theorem
1.3 are not only bounded but continuous [60].
Finally, we would like to point out that the C0-estimate of Proposition 4.1 still holds
for stable families of canonical models of general type with log terminal singularities and
it can also be generalized to stable families of semi-log canonical models with suitable
technical modifications.
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5. Analytic estimates and convergence
In this section, we will obtain some standard higher order estimates for ϕt from equation
(4.13). Most argument are identical to estimates in [59] and we will only give necessary
statements and sketch of proof. We will use the same notations in the previous section
and let Z˜ be the component of the central fibre X˜0 as the strict transform of a fixed
component of Z0 by Ψ ◦ Φ.
Let ωt = χt+
√−1∂∂ϕt be the Ka¨hler-Einstein metric on X˜t for t ∈ B◦. We define the
barrier function
(5.1) F =
(
L∑
l=1
|σE˜l |2hE˜l
)
I∏
i=1
|σE˜i |2hE˜i
on X˜ ′ over B. F vanishes on every component of X˜0 except Z. The following lemma is
an analogue of the Schwarz lemma with barrier functions.
Lemma 5.1. Then for any ε > 0, there exists Cε > 0 such that for all t ∈ B◦, we have
on X˜t
(5.2) ωt ≥ Cǫ
(
F |X˜′t
)ǫ
χt.
Proof. The proof follows immediately by applying the maximum principle to the following
quantity
log trωt(χt) + ǫ logF −Aϕt
on X˜t for sufficiently large A > 0 because ϕt has vanishing Lelong number.

Lemma 5.2. Let G be the set defined by G = {F = 0}. For any k > 0 and any compact
set K ⊂⊂ X˜ \ G, there exists Ck,K > 0 such that for all t ∈ B◦,
(5.3) ||ϕt||Ck(K∩X˜t,χt) ≤ Ck,K
and so
(5.4) ||ωt||Ck(K∩X˜t,χt) ≤ Ck,K.
Proof. For any point p ∈ K ∩ X˜0, for sufficiently small t, there exist coordinates y =
(y1, y2, ..., yn) such that (X˜ )t can be locally parametrized by y and χt is uniformly equiv-
alent to dy∧dy¯. By Lemma 5.1 and the original complex Monge-Ampe`re equation (4.13)
for ϕt, ωt is uniformly bounded above and below with respect to χt away from G, where
π is also nondegenerate. Then standard Schauder estimates and the linear estimates af-
ter linearizing the Monge-Ampe`re equation (4.13) can be established locally, which gives
uniform higher order regularity for ϕt.

For any sequence tj → 0 ∈ B◦, by the uniform estimates for ϕt away from G, after
passing to a subsequence, ϕtj converges smoothly to a smooth function ϕ0 on X˜0 \ G|X˜0 ,
a Zariski open dense subset of Z0. Furthermore, ϕ0 satisfies the following conditions.
(1) There exists C > 0 such that
sup
Z0
ϕ0 ≤ C.
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(2) ϕ0 ∈ PSH(Z0, χ|Z0).
(3) ϕ0 has vanishing Lelong number everywhere.
(4) ϕ0 solves the following equation on X˜0 \ G|X˜0
(χ0 +
√−1∂∂ϕ0)n = eϕ0Ω0,
By the uniqueness in Theorem 2.1, ϕ0 must coincide with the unique solution con-
structed in Theorem 2.1 (cf. [59]). Hence we have established the following lemma.
Lemma 5.3. Let ωt = χt +
√−1∂∂ϕt be the canonical Ka¨hler-Einstein current on Xt,
t ∈ B with
(χt +
√−1∂∂ϕt)n = eϕtΩt.
Then ϕt converges smoothly on Z˜0 \ G|X˜0 to a unique a unique ϕ0 ∈ PSH(Z0, χ0) ∩
C∞(RZ0)∩L∞loc(Z0 \LCS(Z0)) as t→ 0, t ∈ B◦, where RZ0 is the smooth part of Z0 and
LCS(Z0) is the non-log terminal locus of Z0.
The following lemma establishes the uniform non-collapsing condition for the Ka¨hler-
Einstein manifolds (Xt, gt), for all t ∈ B◦ (c.f. Lemma 4.6 in [59]).
Corollary 5.1. Let Z be a component of Z0. There exist a point p0 in the smooth part
of Z , a smooth section p(t) : B → Z with p(0) = p0 and a constant c > 0 such that for
all t ∈ B◦,
(5.5) V olgt(Bgt(p(t), 1)) ≥ c,
where Bgt(p(t), 1) is the unit geodesic ball centered at p(t) in (X˜t, gt).
All of the results above can be applied to any component of Z0 and we can always alter
the base without changing any fibre so that we can assume X = Z.
6. Geometric estimates and convergence
This section is a generalization of geometric estimate and convergence in [57, 59], where
the base of the stable family has dimension 1. Let X → B be a stable family of smooth
canonical models over a unit Euclidean ball B ⊂ Cd. Suppose the central fibre X0 is a
semi-log canonical model
X0 =
A⋃
α=1
Xα,
where each Xα is an irreducible component of X0. Let gt be the unique Ka¨hler-Einstein
metric on Xt for t ∈ B◦. For any sequence tj → 0 with
tj ∈ B◦,
We state the main result of this section.
Theorem 6.1. Let X → B be a stable family of n-dimensional canonical models over a
unit ball B ⊂ Cd as defined in Definition 1.2. For any sequence tj → 0 with tj ∈ B◦, after
passing to a subsequence, there existm ∈ Z+ and a sequence of Ptj = (ptj ,1, ptj ,2, ..., ptj ,m) ∈
∐mk=1Xtj , such that (Xtj , Jtj , gtj , Ptj ) converge in pointed Gromov-Hausdorff distance to a
finite disjoint union of metric spaces
(Y , dY) = ∐mk=1(Yk, dk)
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satisfying the following.
(1) For each k, the singular set Sk of (Yk, dk) is closed of Hausdorff dimension no
greater than 2n− 4. Jj converges smoothly to a complex structure Jk on Yk \ Sk
and Yk\Sk is a Ka¨hler manifold of complex dimension n. Furthermore, gj converge
smoothly to a Ka¨hler-Einstein metric gk on (Yk \ Sk,Jk).
(2) The complex structure Jk on Yk|Yk\Sk uniquely extends to Yk for each k.
(3) ∪mk=1(Yk,Jk) is biholomorphic to X0 \ LCS(X0). Furthermore, ∐mk=1gk extends to
the unique Ka¨hler current on X0.
(4)
∑m
k=1Vol(Yk, dk) = (KXt)n for all t ∈ B◦.
In fact, m is the number of components of X0. The rest of the section is devoted to the
proof of Theorem 6.1 based on the work in [59] (c.f. section 5, 6, 7 in [59]).
Lemma 5.2 implies that the Ka¨hler-Einstein metrics gtj converge smoothly to the unique
canonical Ka¨hler-Einstein metric on the central fibre X0 on a Zariski open set U ⊂ RX0
of X0. We can pick A-tuple of nonsingular points as in the previous section such that
(p10, p
2
0, ..., p
A
0 ), p
α
0 ∈ Xα ∩ U , α = 1, ...,A,
where A is the number of the components of X0.
Let (p1tj , p
2
tj
, ..., pAtj ) a sequence of A-tuples of points ∈ Xtj with tj → 0 such that
(p1tj , p
2
tj
, ..., pAtj )→ (p10, p20, ..., pA0 )
with respect to the fixed reference metric χ on X . We would like to study the Riemannian
geometric convergence of (Xtj , gtj) as tj → 0.
Lemma 6.1. After possibly passing to a subsequence, (Xtj , gtj , (p1tj , ..., pAtj)) converges in
pointed Gromov-Hausdorff topology to a metric length space
(Y, dY) =
B∐
β=1
(Yβ, dβ)
as a disjoint union of metric length spaces (Yβ, dβ), satisfying the following.
(1) Y = RY ∪ SY, where RY and SY are the regular and singular part of Y. RY
is an open Ka¨hler manifold and SY is closed of Hausdorff dimension no greater
than 2n− 4.
(2) gtj converge smoothly to a Ka¨hler-Einstein metric gKE on RY.
(3) RX0 is an open dense set in (Y, dY) and
RX0 ⊂ RY.
In particular, gKE coincides with the unique Ka¨hler-Einstein current constructed
in Theorem 2.1 on Z0.
(4) B ≤ A and
Vol(Y, dY) =
B∑
β=1
Vol(Yβ, dβ) = Vol(Xt, gt)
for all t ∈ B◦.
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Proof. The non-collapsing result in Corollary 5.1 is the key ingredient to derive pointed
Gromov-Hausdorff convergence for (Xtj , gtj ). The proof of the lemma is identical to the
proof of Lemma in [59] except for the statement (3) because we only derive C0-convergence
as well as C∞-convergence for ϕt on U ⊂ RX0 , a Zariski open dense of X0, by Lemma 5.2
while such convergence is established everywhere on the regular part of the central fibre
in [59] due to the fact that the birational morphism only takes place in the central fibre
for semi-stable reduction over one-dimensional base. Now we will prove (3). First, it is
obvious that
U ⊂ RY
and gtj converges smoothly to gKE on U . Since X0 \ U is a closed subvariety of X0 of
Hausdorff dimension no greater than 2n − 2 and gKE is smooth on U , for any p ∈ RX0 ,
then there exists sufficiently small δ > 0 such that BgKE(p, δ) ∩ U is almost geodesically
convex in BgKE(p, δ) ⊂ X0, i.e. for any point p1, p2 ∈ BgKE(p, δ) ∩ U and ǫ > 0, there
exists a smooth path γ ∈ BgKE(p, δ) ∩ U such that
LgKE(γ) ≤ dgKE(p1, p2) + ǫ.
Therefore the metric completion of BgKE(p, δ)∩ U with respect to gKE coincides with its
metric completion in (Y, dY) and so the entire BgKE(p, δ) is indeed isometrically embedded
in (Y, dY). Therefore p ∈ RY and
RX0 ⊂ RY.
We can furthermore conclude that ϕtj converges smoothly (with fixed gauge) to gKE on
RX0 . The rest of the proof follows from the argument in section 5 of [59].

By applying Lemma 6.1, we can improve Lemma 5.1 by removing the barrier function
at the central fibre of X by using the same argument as in [59].
Lemma 6.2. Let ω0 = χ0+
√−1∂∂ϕ0 be the unique Ka¨hler-Einstein current on X0. For
any compact set K ⊂⊂ X0 \ LCS(X0) in the central fibre X0 of the original stable family
X , there exists c = c(K) > 0 such that
ω0 ≥ cχ0
on K ∩RX0 .
The following proposition can be proved by similar arguments in [70, 24] as local L2-
estimates from Tian’s proposal for the partial C0-estimates. We let ht = ((ωt)
n)−1 =
(eϕtΩt)
−1 be the hermitian metric on Xt for t ∈ B◦, where ωt is Ka¨hler-Einstein form
associated to the Kahelr-Einstein metric gt on Xt, Ωt and ϕt are defined in Section 4.
Lemma 6.3. Let p0 ∈ RX0 and p : B → X be a smooth section with p(0) = p0. For any
R > 0, there exists KR > 0 such that if σ ∈ H0(Xt, mKXt) for m ≥ 1 with t ∈ B◦, then
(6.1) ‖σ‖L∞,♯(Bgt (p(t),R)) ≤ KR‖σ‖L2,♯(Bgt (p(t),2R))
(6.2) ‖∇σ‖L∞,♯(Bg(t)(p(t),R)) ≤ KR‖σ‖L2,♯(Bgt (p(t),2R)),
where Bgt(p(t), R) is the geodesic ball centered at p(t) with radius R in (Xt, gt), the L2-
norms ||σ||L∞,♯ and ||∇σ||L∞,♯ are defined with respect to the rescaled hermitian metric
(ht)
m and the rescaled Ka¨hler metric mgt.
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Proof. For fix R > 0, the Sobolev constant on Bgt(p(t), R) is uniformly bounded because
of the Einstein condition and the uniform noncollapsing condition by Corollary 5.1 for
unit balls centered at p(t). The proof follows by well-known argument of Moser’s iteration
on balls of relative scales using cut-off functions (c.f [57]).

The following lemma gives a construction for global pluricanonical section on the lim-
iting metric space Y.
Lemma 6.4. Suppose tj ∈ B◦ → 0 and σtj ∈ H0(Xt, mKXt) be a sequence of sections
satisfying ∫
Xtj
|σtj |2(htj )mdVmgtj = 1.
Then after passing to a subsequence, σtj converges to a holomorphic section σ of mKY.
Furthermore, the σ|RX0 extends to a unique σ′ ∈ H0(X0, mKX0) and σ vanishes along
LCS(X0).
The proof of lemma 6.4 follows the same argument in Lemma 5.4 of [59]. The following
is the local version of the partial C0-estimate.
Lemma 6.5. Let p0 ∈ RX0 and p : B → X be a smooth section with p(0) = p0. For any
R > 0, there exist m ∈ Z+ and c > 0 such that for any t ∈ B◦ and q ∈ Bgt(p(t), R), there
exists σt ∈ H0(X0, mKXt) satisfying
(6.3) |σt|2(ht)m(q) ≥ c,
∫
Xt
|σt|2(ht)mdVmgt = 1.
Proof. The proof of the global partial C0-estimate in [24] can be directly applied here
in the local case with the estimates in Lemma 6.3 and Lemma 6.4 because the singular
set of all iterated tangent cones of the Gromov-Hausdorff limit (Y, dY) is closed and has
Hausdorff dimension less than 2n− 2.

Let hY be the hermitian metric on KY as the extension of ((ωY)
n)−1 from RY, where
ωY is the Ka¨hler-Einstein form on RY. We now pass the partial C0-estimate in Lemma
6.5 to the limiting space Y.
Corollary 6.1. For any p0 ∈ RY and any R > 0, there exist m ∈ Z+ and c, C > 0 such
that for any q ∈ BdY(q, R), there exists σ ∈ H0(Y, mKY) satisfying
(6.4) |σ|2(hY)m(q) ≥ c,
∫
Y
|σ|2(hY)mdVdY = 1.
Such σ has uniformly bounded gradient estimate in fixed geodesic balls and it can also
be extended to a global pluricanonical section on Z0. There are many generalizations
and variations of Lemma 6.5 and Corollary 6.1. For example, if p is a regular point in Y,
then there exist global pluricanonical sections σ0, ..., σn such that near p, σ0 is nonzero
and
σ1
σ0
, ...,
σn
σ0
can be used as holomorphic local coordinates near p. Lemma 6.3 and Corollary 6.1 are
used to construct peak sections to separate distinct points on Y.
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With the partial C0-estimate, We can show that the regular part of the Gromov-
Hausdorff limit coincides with the nonsingular part of X0.
Lemma 6.6. Let RY be the regular part of the metric space (Y, dY) and RX0 be the
nonsingular part of the projective variety of X0. Then
RY = RX0
and they are biholomorphic to each other. Let A be the number of the component of X0
and B the number of the components of Y. Then
A = B.
Proof. The proof of the lemma is identical to that of Lemma 6.1 and Corollary 6.1 in [59]
without modification.

The following distance estimate is one of key estimate in [59] to identify the Riemannian
geometric limit with the algebraic central fibre.
Lemma 6.7. Let X be a component of X0 and p ∈ X ∩RX0. Then the following hold.
(1) For any K ⊂⊂ X0 \ LCS(X0), there exists CK > 0 such that for any q ∈ X ∩
RX0 ∩K,
dY(p, q) ≤ CK .
(2) For any qj ∈ RX0 converging to some q ∈ LCS(X0) in (X0, χ0), we have
lim
j→∞
dY(p, qj) =∞.
Proof. The proof is identical to that of Lemma 6.3 in [59].

In conclusion, in each component of (Y, dY), the local boundedness of the Ka¨hler-
Einstein potential is equivalent to the boundedness of distance in a uniform way. Now
we can complete the proof of Theorem 6.1 by applying combining the same argument in
section 7 in [59] with the help of the above estimates.
7. Proof of Theorem 1.1
We will prove Theorem 1.1 in this section by using Theorem 6.1 in the previous section.
The proof is given in the following steps.
First, it follows from Matsusaka’s big theorem that all the manifolds in K(n, V ) can
be embedded in a fixed CPN by the pluricanonical systems |mKX | for fixed sufficiently
large m ≥ 1 for any X ∈ K(n, V ). Moreover, since V = (KX)n is bounded, there are
only finitely many possible Hilbert polynomials for such smooth canonical models by the
Kollar-Matsusaka theorem. Let χk = h
0(mKX) ∈ Q[m], 1 ≤ k ≤ K be all possible
Hilbert polynomials for all members in K(n, V ). We then may write
K(n, V ) =
K⋃
k=1
K(χk)
where K(χk) is the space of all n-dimensional smooth canonical models with Hilbert
polynomial χk. Without loss of generality, we may assume that the sequence {Xi}∞i=1 we
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start with in the assumption of Theorem 1.1 are contained in a single K(χ) from now
on with a fixed Hilbert polynomial χ. In fact, it follows from the boundedness result
of [32] that all the possible stable limits of manifolds in K(χ) also appear in a fixed
projective space. We abuse the notations and still denote such a fixed projective space
by CPN = PH0(X,OX(mKX))
∨ for a fixed and sufficiently divisible m≫ 1.
Let Hilb(CPN , χ) denote the Hilbert scheme of CPN with Hilbert polynomial χ and let
Hilb(X) ∈ Hilb(CPN , χ) be the Hilbert point corresponding to the embedding X ⊂ CPN .
We introduce a locally closed subscheme as below
Hcan(χ) = {Hilb(X) ∈ Hilb(CPN , χ) | X ⊂ CPN is smooth, OCPN (1)|X = OX(mKX),
χ(m) = h0(OCP(m))}.
By passing to a subsequence of {Hilb(Xi)}∞i ⊂ Hcan(χ) if necessary we may assume
that {Hilb(Xi)}∞i=1 ⊂ U with U being an irreducible component of Hcan(χ)red ⊂ Hcan(χ),
where Hcan(χ)red is the reduction ofHcan(χ). In particular, U is a quasi-projective variety.
Let πU : XU → U be the pull back of the universal family over Hilb(CPN , χ). Now by
applying Theorem 4.88 in [41] (cf. [34]), there is a projective, generically finite, dominant
morphism φ : V → U and a projective compactification V ⊂ V such that the pull-back
πV : XU ×U V → V extends to a stable family
XV := XU ×U V
πV



// XV
πV

V 

// V
.
By our construction, Xi corresponds to XV ,ti = π−1V (ti) for some ti ∈ V and we let gti
be the unique Ka¨hler-Einstein metric on Xi. We can assume ti → t∞ ∈ V after passing
to a subsequence,. XV ,t∞ is a semi-log canonical model as the algebraic degeneration of
{Xi}∞i=1. We can now directly apply Theorem 6.1 and so {(Xi, gti)}∞i=1 converge in pointed
Gromov-Hausdorff topology to a complete Ka¨hler-Einstein metric space biholomorphic
to XV ,t∞ \ LCS(XV ,t∞). This completes the proof of Theorem 1.1.
8. Extension of the Ka¨hler-Einstein current and proof of Theorem 1.2
We will prove Theorem 1.2 in this section. Let π : X → S be a stable family of
canonical models as in Definition 1.2. The following theorem was independently proved
by Schumacher [55] using pointwise differential calculations and Tsuji [72] using dynamical
construction of Bergman kernels.
Theorem 8.1. π|X ◦ : X ◦ → S◦ is a holomorphic family of smooth canonical models over
a smooth variety S. Let ωt be the unique Ka¨hler-Einstien metric on Xt for t ∈ S◦ and h
be the hermitian metric on KX ◦/S◦ defined by
ht = (ω
n
t )
−1.
Then the curvature θ = −√−1∂∂ log h of h is a smooth nonnegative closed (1, 1)-form
on X ◦. If π|X ◦ : X ◦ → S◦ is nowhere infinitesimally trivial, then θ is strictly positive
everywhere on X ◦.
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We will apply Theorem 1.1 and particularly Proposition 4.1 to understand the singular
behavior of h near singular fibres and thus global positivity of θ on X .
For any point t ∈ S, there exists a sufficiently small neighborhood U of s in S such
that KXU/U is π-ample, where XU = π−1(U). Let
{η0, η1, ..., ηN}
be a basis of holomorphic sections in the linear system
∣∣mKXU/U ∣∣ that induces a projective
embedding of XU . Then we define the relative volume form ΩXU on X such that on U ,
ΩXU =
(
N∑
i=0
|ηi|2
) 1
m
and by a smooth partition of unity on S, we can construct a a relative volume form Ω on
X and we let
χ =
√−1∂∂ log Ω.
Lemma 8.1. Let π : X → S be a stable family of n-dimensional canonical models as in
Definition 1.2. Let Ω be the relative volume form defined as above. Let Ωt = Ω|Xt and
(8.1) F = log
(ωt)
n
Ωt
on X ◦ for t ∈ S◦. Then exists C > 0 such that
sup
X ◦
F <∞
and on X ◦,
χ+
√−1∂∂F ≥ 0.
Therefore F extends uniquely to quasi-plurisubharmonic function in PSH(X , χ). Further-
more, the Lelong number of F vanishes everywhere on X .
Proof. The Ka¨hler-Einstein metric equation on Xt is equivalent to the complex Monge-
Ampe`re equaiton
(ωt)
n = eϕtΩt
for ϕt, where ωt = χ|Xt +
√−1∂∂ϕt. Then
F |Xt = ϕt
is uniformly bounded above by Lemma 4.6 as ϕt is uniformly bounded above on X . Using
Theorem 8.1, we have the following direct calculation on X ◦,
√−1∂∂F = √−1∂∂ log ω
n
t
Ωt
= Ric(h)− χ ≥ −χ.
Therefore F ∈ PSH(X ◦, χ) and it uniquely extends to X and F ∈ PSH(X , χ) since χ has
locally bounded potentials. By Lemma 4.4, there exists a divisor D of X that does not
contain any component of fibres of π : X → S such that for any ǫ > 0, there exists Cǫ > 0
such that
F ≥ ǫ log |σD|2hD − Cǫ,
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where σD is a defining section of D and hD a fixed smooth hermitian metric for the line
bundle associated to D. By definition, F has vanishing Lelong number everywhere on X .
The nonnegative current θ = Ric(h) on X ◦ extends to X and is given by
θ = χ+
√−1∂∂F ∈ c1(KX/S).
In particular, θ has vanishing Lelong number.

We can simply let ϕ = F since F is the trivial extension of ϕt fibrewise. The following
regularization lemma is proved in [12].
Lemma 8.2. Let (M,ω) be a Ka¨hler manifold equipped with a smooth Ka¨hler form ω.
Assume γ is a continuous (1, 1)-form on M . If φ ∈ PSH(M, γ) has vanishing Lelong
number everywhere, then for any open bounded domain U with U ⊂⊂ M , there exist a
sequence εj → 0+ and a sequence {φj}∞j=1 ⊂ PSH(M, γ + εjω) ∩ C∞(M) such that φj
decreasingly converge to φ in U .
Corollary 8.1. KX/S is nef.
Proof. Without loss of generality, we can assume X is smooth after applying resolution of
singularities. For any closed curve C in X , we consider a small open neighborhood U of C in
X . For a fixed Ka¨hler form θ on X , there exist εj → 0+ and ϕj ∈ PSH(U, χ+εjθ)∩C∞(U)
by Lemma 8.2 such that ϕj converge to ϕ decreasingly.
KX/S · C =
∫
C
χ = lim
j→∞
∫
C
(χ+ εjθ +
√−1∂∂ϕj) ≥ 0.
This proves the corollary.

9. The Weil-Petersson metric and proof of Theorem 1.3
We will prove Theorem 1.3 in this section. We will keep the same notations in section
8 and let ω = χ +
√−1∂∂ϕ as in (8.1) and by Lemma 8.1, ω is a Ka¨hler current on the
total space X and is smooth on X ◦. In particular, ϕ|Xt = ϕt and ω|Xt = ωt for t ∈ S◦,
where ωt = χ +
√−1∂∂ϕt is the unique Ka¨hler-Einstein metric on Xt for t ∈ S◦. It is
well-known that the Weil-Petersson metric ωWP on S◦ is the curvature of the Deligne
pairing by the relative canonical bundle and can be calculated as the push-forward of
ωn+1 as below (c.f. [55])
(9.1) ωWP (t) =
∫
Xt
ωn+1
for t ∈ S◦. Direct calculations give the following formula.
Lemma 9.1. On X ◦, the Weil-Petersson metric is given by
(9.2) ωWP =
∫
Xt
χn+1 +
√−1∂∂
(∫
Xt
ϕ
(
n∑
k=0
χk ∧ (χ +√−1∂∂ϕ)n−k
))
for t ∈ S◦.
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Before we start estimating the local potentials of the Weil-Petersson metric ωWP , we
will derive some basic estimates. We will consider a stable family of smooth canonical
models after base alteration as in section 8.
(9.3)
X ′ Z := X ×S S ′ X
S ′ S
◗
◗
◗
◗
◗
◗s
π′
✲Ψ ✲f
′
❄
πZ
❄
π
✲f
We will further apply local toric blow-ups to X ′ near a central fibre as in the following
diagram so that near 0 ∈ B ⊂ S ′ the proper transformation of each fibre Zt of Z is a union
of disjoint smooth projective manifolds of dimension n. Furthermore, we can assume that
the blow-up center does not contain any component of the proper transformation of each
fibre Zt of Z, and the exceptional locus of Ψ ◦ Φ is a union of divisors locally defined by
the toric coordinates.
(9.4)
X˜ X ′ Z
B
❅
❅
❅❘
π˜
✲Φ
❄
π′
✲Ψ
 
 
  ✠
πZ
For any closed point q ∈ X˜ , there exist formal holomorphic toroidal coordinates x1, ..., xn+d
such that π˜ is given by near p
(9.5) ti =
n+d∏
j=1
x
αi,j
j , i = 1, ..., d.
We remark that the fibres of π˜ no longer have the same dimensions as π′, but π˜ is still
equi-dimensional over (S ′)◦ ∩ B. For any exceptional divisor D of Ψ ◦ Φ and t ∈ B, we
have
(9.6) dim (Ψ ◦ Φ(D ∩ Zt)) ≤ n− 1.
The following lemma immediately follows from (9.6).
Lemma 9.2. Let D be an exceptional divisor of Ψ ◦ Φ. Then for any t ∈ B, we have
(9.7) χn|D∩X˜t = 0.
Lemma 9.3. Let D be an exceptional divisor of Ψ◦Φ such that the support of D coincides
with the exceptional locus of Ψ ◦ Φ on X˜. Let σD be a defining section of D and hD a
smooth hermitian metric of the line bundle associated to D. Then there exist C > 0 such
that for any t ∈ Bo,
(9.8) −
∫
X˜t
(
log |σD|2hD
)
χn ≤ C.
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Proof. For any closed point p ∈ X˜ , there exist local holomorphic toric coordinates
x1, ..., xn+d such that π˜ is given by near p
(9.9) ti =
n+d∏
j=1
x
αi,j
j , i = 1, ..., d, αi,j ∈ Z+ ∪ {0}.
The exceptional divisor is given by
∪n+d−mj=1 {xj = 0}
for some d ≤ m ≤ n + d. The d × (n + d)-matrix [αi,k] must have rank d, otherwise χn
will vanish everywhere on some open set of a smooth fibre of Z. Recall that F = Ψ ◦Φ :
X˜ → Z →֒ CPN for some algebraic embedding of Z into a projective space CPN . Let
V be an open neighborhood of F(p) in CPN and for simplicity we can assume that χ is
equivalent to the Euclidean metric on V. Therefore F = (F1, ...,FN) is holomorphic and
F∗χ = √−1
N∑
α=1
n+d∑
i,j=1
∂Fα
∂xi
∂Fα
∂xj
dxi ∧ dx¯j =
√−1
n+d∑
i,j=1
Gij¯dxi ∧ dx¯j
and so
F∗χn = (√−1)n
∑
1≤i1<...<in≤n+d,1≤j1<...<jn≤n+d
det
(
Gij¯
)
i1...in,j¯1...j¯n
dxi1∧dx¯j1∧...∧dxin∧dx¯jn ,
where
(
Gij¯
)
i1...in,j¯1...j¯n
is the (n× n)-submatrix of (Gij¯). In particular, F is holomorphic
and algebraic in x1, ..., xn+d and det
(
Gij¯
)
i1...in,j¯1...j¯n
is an algebraic function in x1, x¯1, ...,
xn+d, x¯n+d.
Since log |σD|2 is locally the sum of log of every exceptional prime divisor, it suffices
to consider log |x1|2 instead of log |σD|2hD near a fixed point p ∈ X˜ , where {x1 = 0} is
an exceptional divisor of Ψ ◦ Φ. We can always assume α1,1 > 0 after rearrangement in
t1, ..., td because
∑d
i=1 ai,1 > 0, otherwise {x1 = 0} cannot be an exceptional divisor.
It also suffices to prove the lemma locally near p. We let p = 0 and
U = {0 ≤ |x1|, ..., |xn+d| < 1}.
We write
F∗χn = Θ = Θ1 +Θ2
such that Θ1 contains dx1 or dx¯1 and Θ2 does not contain dx1 or dx¯1. Obviously both
Θ1 and Θ2 are real valued nonnegative (n, n)-forms on X˜ . Since Θ1 and χn vanish on
{x1 = 0}, Θ2 must also vanish on {x1 = 0}. Let
Θ1 = (
√−1)n
∑
1=i1<...<in≤n+d,2≤j1<...<jn≤n+d
Θi1...in,j1...jndxi1 ∧ dx¯j1 ∧ ... ∧ dxin ∧ dx¯jn
+(
√−1)n
∑
2≤i1<...<in≤n+d,1=j1<...<jn≤n+d
Θi1...in,j1...jndxi1 ∧ dx¯j1 ∧ ... ∧ dxin ∧ dx¯jn
+(
√−1)n
∑
1=i1<...<in≤n+d,1=j1<...<jn≤n+d
Θi1...in,j1...jndxi1 ∧ dx¯j1 ∧ ... ∧ dxin ∧ dx¯jn,
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and
Θ2 = (
√−1)n
∑
2≤i1<...<in≤n+d,2≤j1<...<jn≤n+d
Θi1...in,j1...jndxi1 ∧ dx¯j1 ∧ ... ∧ dxin ∧ dx¯jn,
where all the coefficients are bounded algebraic functions in x1, x¯1, ..., xn+d, x¯n+d. The
domain U can be covered by subdomains as
(9.10) Ui2,i3,...,in+d = {|x1| ≤ 1, |xi2 | ≤ |xi3 | ≤ ... ≤ |xin+d| ≤ 1},
where (i2, ..., in+d) is a permutation of (2, 3, ..., n + d). It suffices to prove the lemma on
one of such subdomains and without loss of generality, we can choose U ′ = U2,3,...,n+d for
i2 = 2, ..., in+d = n+ d.
We will perform the standard row reduction for the matrix [ai,j]1≤i≤d,1≤j≤n+d with the
resulting matrix [αi,j ]1≤i≤d,1≤j≤n+d of the following type
[βi,j]1≤i≤d,1≤j≤n+d =

∗...∗ ∗...∗ ∗...∗ ∗...∗ ... ∗...∗
0...0 ∗...∗ ∗...∗ ∗...∗ ... ∗...∗
0...0 0...0 ∗...∗ ∗...∗ ... ∗...∗
0...0 0...0 0...0 ∗...∗ ... ∗...∗
... ... ... ...
0...0 0...0 0...0 0...0 0...0 ∗...∗

d×(n+d)
.
The above row reductions gives the following formula
ui =
∏
ni≤j≤n+d
x
βi,j
j , 1 ≤ i ≤ d,
and
ui = ui(t2, t3, ..., td) =
∏
1≤k≤d
t
γi,k
k , γi,k ∈ Z
where 1 = n1 < n2 < ... < nd ≤ n + d.
Direct calculations show that
d log ui =
∑
ni≤j≤n+d
βi,j
dxj
xj
=
∑
1≤k≤d
γi,k
dtk
tk
, 1 ≤ i ≤ d.
Since the upper diagonal d × d-matrix [αi,ni]i=1,...,d, is invertible, for any 1 ≤ i ≤ d, we
can solve
dxni
xni
in terms of linear combination of
dxj
xj
for j ≥ ni + 1 and dtktk for k = 1, ...d.
If we define the ordered index set J by
J = {1 ≤ j ≤ n+ d | j 6= ni, i = 1, ..., d}.
Obviously, #J = n. Then there exists a fixed constant d× n -matrix [µi,j]1≤i≤d,j∈J with
µi,j = 0, 1 ≤ j ≤ ni
such that for each t ∈ B and 1 ≤ i ≤ d
(9.11)
dxni
xni
∣∣∣∣
X˜t∩U ′
=
∑
j∈J
µi,j
dxj
xj
∣∣∣∣∣
X˜t∩U ′
.
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In particular, there exists C1 > 0 such that for each t ∈ B and 1 ≤ i ≤ d, we have
∣∣dxni |X˜t∩U ′∣∣ =
∣∣∣∣∣∣
∑
j∈J, j≥ni+1
γi,j
xni
xj
dxj
∣∣∣∣∣
X˜t∩U ′
∣∣∣∣∣∣
≤
∑
j∈J, j≥ni+1
|γi,j|
∣∣∣∣∣ xnixj dxj
∣∣∣∣
X˜t∩U ′
∣∣∣∣∣(9.12)
≤ C1
∑
j∈J, j≥ni+1
∣∣dxj |X˜t∩U ′∣∣
because |xni| ≤ |xj| for j > ni. Then immediately, by definition of Θ2, we have
Θ2|X˜t∩U ′ = (
√−1)nH
(∏
j∈J
dxj ∧ dx¯j
)
.
for a continuous algebraic function H in xj , x¯j , xnix
−1
k , xnix
−1
k for j = 1, ..., n + d,
i = 2, ..., d and ni + 1 ≤ k ∈ J . Since
Θ2|X˜t∩U∩{x1=0} = 0,
G must have a factor as a bounded algebraic function in x1,and x¯1. Therefore there exist
0 < ε < 1 and C2 > 0 by (9.12) such that for all t ∈ B,
Θ2|X˜t∩U ′ ≤ (
√−1)nC2
(
|x1|2ǫ
∏
j∈J
dxj ∧ dx¯j
)∣∣∣∣∣
X˜t∩U ′
.
This implies that there exists C3 > 0 such that for any t ∈ B,
−
∫
X˜t∩U ′
log |x1|2 Θ2
≤ −(√−1)nC2
∫
X˜t∩U ′
(
log |x1|2
) |x1|2ǫ∏
j∈J
dxj ∧ dx¯j
≤ −(√−1)nC2
∫
|xj |≤1, j∈J
(
log |x1|2
) |x1|2ǫ∏
j∈J
dxj ∧ dx¯j
≤ C3.
Also by definition of Θ1, there exists C4 > 0 such that for any t ∈ B,
Θ1 ≤ C4(
√−1)n
∑
2≤i2<...<in≤n+d
dx1 ∧ dx¯1 ∧ dxi2 ∧ dx¯i2 ∧ ... ∧ dxin ∧ dx¯in
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and so there exists C5 > 0 such that for any t ∈ B,
−
∫
X˜t∩U ′
log |x1|2 Θ1
≤ −(√−1)nC4
∫
X˜t∩U
log |x1|2
∑
2≤i2<...<in≤n+d
dx1 ∧ dx¯1 ∧ dxi2 ∧ dx¯i2 ∧ ... ∧ dxin ∧ dx¯in
≤ −(√−1)nC4
∑
2≤i2<...<in≤n+d
∫
0≤|xi1 |,...,|xin|≤1
log |x1|2dx1 ∧ dx¯1 ∧ dxi2 ∧ dx¯i2 ∧ ... ∧ dxin ∧ dx¯in
≤ C5
Immediately we have
−
∫
X˜t∩U ′
log |x1|2χn ≤ C3 + C5.
The lemma is then proved by replace U ′ by any subdomains of U as in (9.10).

The following lemma is proved in [49] in a more general setting for Deligne pairing. We
provide a proof using the same argument in the proof of Lemma 9.3.
Lemma 9.4. There exists ψB ∈ PSH(B) ∩ L∞(B) such that
(9.13)
∫
X˜t
χn+1 =
√−1∂∂ψB
on B.
Proof. Let be σ be a smooth holomorphic section of [χ] such that the support of σ does
not contain any fibre of X˜ → B. Then χ = √−1∂∂ log |σ|2hχ for some smooth hermitian
metric for [χ]. After locally toric blow-ups, we can assume that the zeros of the pullback
of σ|2hχ in X˜ in (9.4) and {xj = 0} in (4.9) have simple normal crossings. Then∫
X˜t
χn+1 =
∫
X˜t\{σ=0}
χn+1
=
∫
X˜t\{σ=0}
√−1∂∂ log |σ|2hχ ∧ χn
=
√−1∂∂
(∫
X˜t\{σ=0}
log |σ|2hχχn
)
.
The same calculations in the proof of Lemma 9.3 shows that there exists C > 0 such that
for all t ∈ B,
−C ≤ ψB =
∫
X˜t\{σ=0}
log |σ|2hχχn ≤ C.
Since ψB is bounded on B,
√−1∂∂ψB =
∫
X˜t
χn+1 and the lemma is proved.

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We remark that ΨB is in fact Ho¨lder continuous (c.f. [49]). We can now begin estimates
of the local potentials of ωWP . We recall the following well-known functionals
Et : PSH(X˜t, χt)→ [−∞,∞) ∩ L∞(X˜t), Gt : PSH(X˜t, χt) ∩ L∞(X˜t)→ [−∞,∞)
by
Et(φt) =
1
(n+ 1)V
n∑
j=0
∫
X˜t
φt(χt +
√−1∂∂φt)j ∧ χn−jt ,(9.14)
Gt(φt) = Et(φt)− log
(
1
V
∫
X˜t
eφtΩt
)
,(9.15)
where t ∈ B◦, φt ∈ PSH(X˜t, χt) and V = [KX˜t ]n is independent of t ∈ B◦. Gt is the
analogue of the Ding-functional introduced in [22]. Recall that ϕt = ϕ|X˜t is the unique
solution of the complex Monge-Ampe`re equaiton
(9.16) (χt +
√−1∂∂ϕt)n = eϕtΩt
induced by the Ka¨hler-Einstein equation on X˜t for all t ∈ B◦. We define the function
E(t) on B◦ by
(9.17) E(t) = Et(ϕt),
where t ∈ U◦ and ϕt is the unique solution of equation (9.16). Immediately, we have the
following lemma by Lemma 9.1.
Lemma 9.5. On B◦,
(9.18) E(t) = Gt(ϕt),
(9.19) ωWP =
√−1∂∂ (ψU + E(t)) ,
where ψU is defined in Lemma 9.4.
Our goal for the rest of the section is then to bound E(t) uniformly. The following
theorem is the key result of this section.
Theorem 9.1. There exists C > 0 such that
(9.20) inf
t∈B◦
sup
φt∈PSH(X˜t,χt)∩L∞(X˜t)
Gt(φt) ≥ −C.
Theorem 9.1 will imply that the potential ψU + E(t) is uniformly bounded on B
◦ and
so it can be extended to B.
Corollary 9.1. There exists C > 0 such that
(9.21) sup
t∈B◦
|E(t)| ≤ C.
Proof. We first observe that by definition of ϕt∫
Xt
eϕtΩt =
∫
Xt
(χt +
√−1∂∂ϕt)n = V.
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The Ka¨hler-Einstein potential ϕt maximizes the functional Gt for each t ∈ B◦ by the
same argument in [23] and it is generalized to the singular case in [8]. By Theorem 9.1,
there exists C1 > 0 such that
E(t) = Et(ϕt)− log
(
1
V
∫
X˜t
eϕtΩt
)
= Gt(ϕt) = sup
φt∈PSH(X˜t,χt)∩C∞(X˜t)
Gt(φt) ≥ −C1
for all t ∈ B◦. On the other hand, by Lemma 4.6, there exists C2 > 0 such that for each
t ∈ B◦,
ϕt ≤ C2.
Therefore,
E(t) =
1
(n+ 1)V
n∑
j=0
∫
X˜t
ϕt(χt +
√−1∂∂ϕt)j ∧ χn−jt
≤ C2
(n+ 1)V
n∑
j=0
∫
X˜t
(χt +
√−1∂∂ϕt)j ∧ χn−jt
= C2.
This completes the proof of the corollary. 
The following corollary naturally holds by letting ϕWP = ψB +E(t) from Corollary 9.5
and Corollary 9.1.
Corollary 9.2. There exists ϕWP ∈ PSH(B) ∩ L∞(B) such that
(9.22) ωWP =
√−1∂∂ϕWP
on B. In particular, the Weil-Petersson metric ωWP uniquely extends to a closed positive
(1, 1)-current on B with bounded potentials.
We will now prove Theorem 9.1. Let E is the exceptional locus of Ψ ·Φ. Then Ψ◦Φ(E)
is a Zariski closed set of Z and we let I be the ideal sheaf of Ψ ◦ Φ(E) and I. Since
KZ/B is ample on Z and I is a coherent sheaf, mKZ/B⊗I is globally generated for some
sufficiently large m. Therefore there exist holomorphic sections σ1, ..., σM of mKZ/B
satisfying
{σ1 = ... = σM = 0} = Ψ ◦ Φ(E).
Let h be a smooth hermitian metric on KZ/B satisfying −
√−1∂∂ log h = χ. We can
assume that log
(∑M
j=1 |σj |2h
)
≤ −1 on Z by scaling h. We now define
(9.23) ψ = −
(
− 1
m
log
(
M∑
j=1
|σj|2h
))α
for some α ∈ (0, 1) to be determined later. For simplicity, we also identify (Ψ◦Φ)∗ψ with
ψ.
Lemma 9.6. ψ ∈ PSH(Z, χ), i.e.,
χ+
√−1∂∂ψ ≥ 0.
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Proof. First, we observe that f = log
(∑M
j=1 |σj|2h
)
∈ PSH(Z, χ). Then
χ+
√−1∂∂ (−(−f)α) = χ + α(−f)−(1−α)√−1∂∂f + α(1− α)√−1(−f)−(2−α)∂f ∧ ∂f
≥ 0
because α ∈ (0, 1) and f ≤ −1. 
In local coordinates on an open domain U ⊂ X˜t, there must be at least n exceptional
divisors defined by {xik = 0}, where 1 ≤ i1 < i2 < ... < im ≤ n + d and k = 1, ..., m.
After rearrangement, we can consider
(9.24) ti =
(
d∏
k=1
y
αi,k
k
)(
n∏
j=1
x
βi,j
j
)
, i = 1, ..., d,
so that d × d-matrix [αi,k] has rank d and the exceptional locus of Ψ ◦ Φ contains zeros
of x1, ..., xn. In particular, dx1 ∧ dx¯1 ∧ ... ∧ dxn ∧ dx¯n is a nonzero volume on proper
transformation of each fibre. We can assume that ∪i=1n{xi = 0} ∪m−nk=1 {yk = 0} is the
exceptional divisor of Ψ ◦ Φ in U for some n ≤ m ≤ n+ d.
Lemma 9.7. In local coordinates on an open domain U ⊂ X˜t as in (9.24). There exists
C > 0 such that for any t ∈ B,
(9.25) (Ψ ◦ Φ)∗Ω|X˜t∩U ≤
C(
√−1)ndx1 ∧ dx¯1 ∧ ... ∧ dxn ∧ dx¯n
|x1|2|x2|2...|xn|2 .
Proof. Straightforward calculations show that
dti
ti
=
d∑
k=1
αi,kdyk
yk
+
n∑
j=1
βi,jdxj
xj
.
Since [αi,k] is an invertible d× d-matrix, one can solve dykyk in terms of
dxj
xj
and dti
ti
. Then
we have
(Ψ ◦ Φ)∗Ω|X˜∩U
= (
√−1)n
∑
k+l=n
Fi1...ik,j1...jldyi1 ∧ dy¯i1 ∧ ... ∧ dyik ∧ dy¯ik ∧ dxj1 ∧ dx¯j1 ∧ ... ∧ dxjl ∧ dx¯jl
= Θ+Θ′,
where
Θ = (
√−1)nF (y1, ..., yd, x1, ...., xn)dx1 ∧ dx¯1 ∧ ... ∧ dxn ∧ dx¯n
and Θ′ contains one of dt1, dt¯1, ..., dtd, dt¯d. In particular,
Θ′|X˜t∩U = 0.
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There exist C1, C2 > 0 such that on X˜ ∩ U ,
(
√−1)n+ddt1 ∧ dt¯1 ∧ ... ∧ dtd ∧ dt¯d ∧ (Ψ ◦ Φ)∗Ω
|t1|2...|td|2
=
(
√−1)n+ddt1 ∧ dt¯1 ∧ ... ∧ dtd ∧ dt¯d ∧Θ
|t1|2...|td|2
≤ (
√−1)n+dC1dy1 ∧ dy¯1 ∧ ... ∧ dyd ∧ dy¯d ∧ dx1 ∧ dx¯1 ∧ ... ∧ dxn ∧ dx¯n
|y1|2...|yd|2|x1|2...|xn|2
≤ (
√−1)n+dC2dt1 ∧ dt¯1 ∧ ... ∧ dtd ∧ dt¯d ∧ dx1 ∧ dx¯1 ∧ ... ∧ dxn ∧ dx¯n
|t1|2...|td|2|x1|2...|xn|2 ,
where the first inequality follows from (4.12) in the proof of Lemma 4.1. Therefore there
exists C3 > 0 such that
F (y1, ..., yd, x1, ..., xn) ≤ C3|x1|2...|xn|2 ,
or equivalently,
Θ ≤ (
√−1)nC3dx1 ∧ dx¯1 ∧ ... ∧ dxn ∧ dx¯n
|x1|2|x2|2...|xn|2 .
The lemma then immediately follows. 
Lemma 9.8. We keep the same notions as in (9.24) and assume that the exceptional
locus of Ψ ◦ Φ lies in the divisor locally defined by ∪nj=1{xj = 0} ∪m−nk=1 {yk = 0} for some
n ≤ m ≤ n+ d. Then there exists C > 0 such that in U , we have
(9.26) ψ ≥ C log |y1...ym−nx1...xn|2 − C
and
(9.27) ψ ≤ −2n log (− log |y1...ym−nx1...xn|2)+ C.
Proof. Estimate (9.26) follows from the definition of ψ where the set {σ1 = ... = σM =
0} coincides with the exceptional locus of Ψ ◦ Φ. Estimate (9.27) follows by the same
observation and the simple fact that xα ≥ 2n log x+ Cα for x > 0 and α ∈ (0, 1).

Lemma 9.9. There exists C > 0 such that for all t ∈ B,
(9.28)
∫
X˜t
eψtΩt ≤ C,
where ψt = ψ|X˜t and ψ is defined in (9.23).
Proof. We use the same notions as in (9.24) and Lemma 9.8. The lemma then immediately
follows from straightforward integral calculations, Lemma 9.8 and Lemma 9.7.

Lemma 9.10. For any α ∈ (0, 1), there exists Cα > 0 such that for all t ∈ B,
(9.29) −
∫
X˜t
(−ψt) 1αχnt ≤ Cα,
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or equivalently,
(9.30) −
∫
X˜t
log
(
M∑
j=1
|σj|2h
)
χnt ≤ Cα.
Proof. The lemma follows from estimate (9.26) and Lemma 9.3.

In order to prove Theorem 9.1, it suffices to show that there exists C > 0 such that for
all t ∈ B◦,
(9.31) Gt(ψt) ≥ −C.
We will need the capacity argument in the pluripotential theory to achieve (9.31). We
recall the definition of complex capacity associated to plurisubharmonic functions.
Definition 9.1. Let (X,ω) be a compact Ka¨hler manifold of complex dimension n. The
Monge-Ampe`re capacity for a Borel subset of X associated to ω is defined by
(9.32) Capω(K) = sup
{∫
K
(ω +
√−1∂∂u)n | u ∈ PSH(X,ω), − 1 ≤ u ≤ 0
}
.
The following lemma is proved in [28] (Proposition 2.6). We include the proof since it
is quite short and elementary.
Lemma 9.11. Let (X,ω) be a compact Ka¨hler manifold of complex dimension n. For
any λ > 1 and φ ∈ PSH(X,ω) with φ < 0, we have
(9.33) Capω(φ < −λ) ≤ λ−1
(∫
X
(−φ)ωn + n
∫
X
ωn
)
.
Proof. For any u ∈ PSH(X,ω) with −1 < u < 0, we let v = u+ 1. Then 0 < v < 1. For
any λ > 1, ∫
{φ<−λ}
ωnv ≤
∫
X
(
−φ
λ
)
ωnv = λ
−1
∫
X
(−φ)ωnv ,
where ωv = ω +
√−1∂∂v. Straightforward calculations show that∫
X
(−φ)ωnv
=
∫
X
(−φ)ωn +
n−1∑
k=0
∫
X
(−φ)√−1∂∂v ∧ ωk ∧ ωn−k+1v
=
∫
X
(−φ)ωn +
n−1∑
k=0
∫
X
vωk+1 ∧ ωn−k+1v −
n−1∑
k=0
∫
X
v(ω +
√−1∂∂φ) ∧ ωk ∧ ωn−k+1v
≤
∫
X
(−φ)ωn +
n−1∑
k=0
∫
X
ωk+1 ∧ ωn−k+1v
=
∫
X
(−φ)ωn + n
∫
X
ωn.
The lemma is then proved by the definition of Capω(φ < −λ).

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The following lemma is implicitly proved in [29] (Lemma 5.1). We include a short proof
for completeness.
Lemma 9.12. Let (X,ω) be a compact Ka¨hler manifold of complex dimension n. If
φ ∈ PSH(X,ω) ∩ L∞(X) with φ < −1 and there exists A > 0 such that for any λ > 1,
(9.34) Capω(φ < −λ) ≤ Aλ−(n+2),
then
(9.35)
∫
X
(−φ)(ω +√−1∂∂φ)n ≤ A.
Proof. We let ψ = max(φ,−λ) and u = λ−1ψ. Then −1 ≤ u ≤ 0 and∫
{φ<−λ}
(ω +
√−1∂∂φ)n =
∫
X
ωn −
∫
{φ≥−λ}
(ω +
√−1∂∂φ)n
=
∫
X
(ω +
√−1∂∂ψ)n −
∫
{φ≥−λ}
(ω +
√−1∂∂ψ)n
=
∫
{φ<−λ}
(ω +
√−1∂∂ψ)n
≤ λn
∫
{φ<−λ}
(ω +
√−1∂∂u)n
≤ λnCapω(φ < −λ)
≤ Aλ−2.
The co-area formula implies that∫
X
(−φ)(ω +√−1∂∂φ)n =
∫ ∞
1
(∫
{φ<−λ}
(ω +
√−1∂∂φ)n
)
dλ ≤
∫ ∞
1
Aλ−2dλ = A.

Now we are ready to complete the proof of Theorem 9.1.
Proof of Theorem 9.1. We first observe that since ψ is nonpositive. We let ψ′ = ψ−1.
There exists δn > 0 such that
Et(ψt) = Et(ψ
′
t) + 1
=
1
(n+ 1)V
n∑
j=0
∫
X˜t
ψ′t (χt +
√−1∂∂ψ′t)j ∧ χn−jt + 1
≥ δn
(n+ 1)V
(∫
X˜t
ψ′t χ
n
t +
∫
X˜t
ψ′t (χt +
√−1∂∂ψ′t)n
)
+ 1.
By Lemma 9.10, for fixed sufficiently small α > 0, there exists C1 > 0 such that for all
t ∈ B◦,
−
∫
X˜t
−ψ′t χnt ≥ −C1.
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By Lemma 9.11, there exists C2 > 0 such that for all t ∈ B◦ and λ > 1,
Capχt(ψ
′
t < −λ) = Capχt
(
− (−ψ′t)
1
α < −λ 1α
)
≤ λ− 1α
(∫
X
−(ψ′t)
1
αχnt + n
∫
X˜t
χnt
)
≤ C2λ− 1α .
We can apply Lemma 9.12 by choosing α = 1
n+2
so there exists C3 > 0 such that for all
t ∈ B◦, ∫
X
ψ′t (χt +
√−1∂∂ψ′t)n ≤ C3.
Immediately, there exists C4 > 0 such that
Et(ψt) ≥ −C4.
By Lemma 9.9, there exists C5 > 0 such that for all t ∈ B◦,
Gt(ψt) = Et(ψt)− log
(
1
V
∫
Xt
eψtΩt
)
≥ −C5.
Equivalently, for all t ∈ B
sup
φt∈PSH(Xt,χt)∩L∞(Xt)
Gt(φt) ≥ −C5.
This proves Theorem 9.1. 
Now we will complete the proof of Theorem 1.3.
Proof of Theorem 1.3. Let π : X → S be a stable family of n-dimensional canon-
ical models over an m-dimensional projective normal variety S. We apply semi-stable
reduction and (locally toric) blow-ups as in (9.3) and (9.4).
(9.36)
X˜ X ′ Z := X ×S S ′ X
S ′ S
✲Φ
◗
◗
◗
◗
◗
◗s
π˜
❄
π′
✲Ψ
✑
✑
✑
✑
✑✑✰
πZ
✲f
′
✑
✑
✑
✑
✑
✑✰
π
✲f
Let ωWP be the smooth Weil-Petersson metric on S
◦ and let ω˜WP = f
∗ωWP on (S
′)◦ =
f−1(S◦). By Corollary 9.2, ω˜WP extends to a nonnegative closed (1, 1)-current on S
′ with
bounded local potentials. If we let
L = 〈KX/S, · · · , KX/S︸ ︷︷ ︸
n+1
〉
be the CM line bundle induced by the (n + 1)-fold Deligne pairing of of KX/S over S,
then ωWP is the curvature of L on S◦ and since ω˜WP has bounded local potentials on S ′,
ω˜WP is the curvature of f
∗L globally on S ′ and
ω˜WP ∈ [f ∗L].
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Therefore ωWP must also extend to a nonnegative closed (1, 1)-current on S with bounded
local potentials with ωWP ∈ [L]. In particular,∫
S
(ωWP )
m =
∫
S◦
(ωWP )
m = [L]m ∈ Q.
. 
Proof of Corollary 1.1. We will first explain how the Weil-Petersson metric is defined
on the moduli space. We let MKSBA be the KSBA compactification of the moduli space
MKSBA for a smooth n-dimensional canonical model X . Here we always assume the
generic point of MKSBA corresponds to a smooth canonically polarized manifold. To
construct the Weil-Petersson current on MKSBA, we will have to replace MKSBA by the
base of a stable family as in Theorem 1.3. Since the automorphism group of semi-log
canonical models is finite, we can apply results in [42] (c.f. Proposition 2.7) and [34] that
there exists a finite morphism
(9.37) φ : S →MKSBA
from a normal projective variety S, together with a stable family of canonical models
π : X → S
such that for any s ∈ S the moduli point Xs = π−1(s) is exactly φ(s) ∈MKSBA.
Let ωWP,S be the Weil-Petersson current on S. ωWP,S is a smooth Ka¨hler metric
on a Zariski open set of S and by Theorem 1.3, ωWP,S has bounded local potential
and [ωWP,S ] ∈ c1(LS), where LS is the CM line bundle induced by the Deligne pairing
of KX/S . Therefore, there exists a Zariski open set (MKSBA)◦ of MKSBA such that
(MKSBA)◦ is smooth and the Weil-Petersson current ωWP,S is a smooth Ka¨hler metric on
φ−1 ((MKSBA)◦). Immediately ωWP,S descends to a smooth Ka¨hler metric on (MKSBA)◦
by pushforward or averaging. We define such a Ka¨hler metric as the Weil-Petersson
metric on (MKSBA)◦ and denote it by ωWP . We also notice that as in [53], the CM line
bundle LS on S is the pullback of the CM line bundle L on MKSBA.
The construction of ωWP on (MKSBA)◦ does not depend on the choice of φ : S →
MKSBA. If there exists another finite map φ′ : S ′ → MKSBA together with a stable
family π′ : X ′ → S such that for any s ∈ S ′ the moduli point X ′s = π′−1(s) is exactly
φ′(s) ∈MKSBA. One can further find a finite map φ˜ : S˜ →MKSBA together with a stable
family π˜ : X˜ → S˜ satisfying the commutative diagram
(9.38) ψ∗X
$$■
■■
■■
■■
■■
■■
X˜
π˜

∼=
oo
∼=
// (ψ′)∗X ′
yyss
ss
ss
ss
ss
ss
S˜
ψ′
&&▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲

ψ
zztt
tt
tt
tt
tt
tt
X π // S
φ $$❏
❏❏
❏❏
❏❏
❏❏
❏ S ′
φ′xxrr
rr
rr
rr
rr
X ′
π′
oo
MKSBA
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by the fact that the automorphism group of a semi-log canonical model is finite. In
particular, we have
ψ∗X ∼= X˜ ∼= ψ′∗X ′.
The Weil-Petersson metric ωWP can be constructed from S, S ′ and S˜, and all the con-
structions coincide on a Zariski open set of MKSBA. The above observation immediately
shows that
φ∗ωWP = ωWP,S
on a Zariski open set of MKSBA.
After normalization and resolution of singularities we can assume S is smooth and we
can extend ωWP globally on MKSBA by pushing forward ωWP,S via φ. We would like to
show that the extended ωWP has bounded local potentials. Since LS = φ∗L, we can pick a
closed (1, 1)-current η ∈ c1(L) onMKSBA, where η is the restriction of some Fubini-Study
metric toMKSBA embedded in an ambient projective space. Then φ∗η ∈ c1(L) and there
exists ϕ ∈ PSH(S, φ∗η) ∩ L∞(S) such that
φ∗ωWP = φ
∗η +
√−1∂∂ϕ.
Now for any p ∈ MKSBA and a sufficiently small affine neighborhood U of p in MKSBA,
there exists ψ ∈ PSH(φ−1(U)) ∩ L∞(φ−1(U)) such that
√−1∂∂ψ = ωWP .
Let ψ be the upper envelope of the push-forward of φ by φ on U . Then we have
φ∗ωWP =
√−1∂∂ (φ∗ψ) .
Now we can define the Weil-Petersson volume by∫
MKSBA
(ωWP)
d =
∫
(MKSBA)
◦
(ωWP)
d ,
where d = dimMKSBA. Since φ∗ωWP = ωWP,S has bounded local potentials,∫
(MKSBA)
◦
(ωWP)
d =
1
deg φ
∫
φ−1((MKSBA)
◦)
(ωWP,S)
d =
1
deg φ
∫
S
(ωWP,S)
d
=
1
deg φ
(c1(LS))d = (c1(L))d ∈ Q+.
This completes the proof of Corollary 1.1. 
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